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LBerry phase and Barry curvature

Phase in parameters space : |

Consider a system described by
Hamiltonian depending on time through
sets of parametres

R(t) = (Ru(t), Ra(t),...), i.e.

H = H(R(t)) )

m adiabatic evolution of the system <"
as R(t) moves slowly along a path
C in the parameter space
m parametr space is for example 1
— k-space
— direction of magnetic fied B, etc.

A

k 7 '
Xiao et al, arxiv:0907.2021 (2009) y kx
Berry (1983)
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Phase in parameters space : |

Let us introduce instantaneous V4%
orthonormal basis for each H(R)

m However, the phase factor of
[n(R)) is not determined.

m We require that phase of the
basis functions |n(R)) is
smooth along path C in the
parameter space.

k 17 .k
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Derivation 1 of Berry connection:

For simplicity, we assume the path C is on
isoenergy surface €(R), = €, = const,. Then,
the wavefunction over the path C is

() = RO e=i [n(R(1))

where phase consist of phase v,(R(t)) and
dynamic phase —ie,t/h.

Generally, when €,(R) changes on the path C,
the wavefunction becomes

a(t)) = MR ek J§ AR | (R (1)) R

where phase consist of phase v,(R(t)) and dy-

namical phase factor.
\ J

N0
o0
TR W :"

h

Aaiats s »
\

\N“"’g‘:" 'I*l"
oo \w“ % :;::\, "',""'

()
OO
i




Introduction to topology in solids
LBerry phase and Barry curvature

Derivation 1 of Berry connection:
Inserting this wavefunction |1,(t)) = e "(R() =7t |n(R(t))) to
the Schrodinger equation

0
ihe [n(t)) = HR()) [n(t))
we got 8 ®) 5
Y
OR in(R)) + OR
multiplying from left by (n(R)]

n(R)) =0

n(R) . 0 .
UR) i (n(m)] o n(R)) = iAn(R)

where A,(R) is Berry connection or Berry vector potential.

An(R) = i ((R) o |n(R)
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LBerry phase and Barry curvature

Derivation 1 of Berry connection:

i.e. Ap(R) expresses speed of
change of phase on element of

the path, “"'V’
00
_ O . 9 A “““‘"‘"’""
An(R) = OR ! <n(R)|5’R n(R)) A %%ss\‘t\‘:&%:‘%%

NSRS
NSl

Finally, the change of phase v,
between starting and final point
of path can be expressed as a
path integral in the parameter '
space

Yn :/d’yn = /dR-An(R) ky S K,
C C
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Derivation 2 of Berry connection:

Two close eigenwavefunctions [n(R)) and [n(R + AR)) are
scalarly multiplied:

(n(R)|n(R+ AR)) ~ 1+ AR (n(R)|Vr|n(R))
~ exp[—iAR - Ay(R)] = exp[—ivn] = exp[—i[va(R + AR) — 75(R)]]

where Berry connection A,(R) is
An(R) = i{n(R)|V=[n(R))

and Berry phase 7, is expressed again as

'Yn:/d’Yn:/dR'An(R)
C C

Weng et al, arxiv:1508.02967 (2015)
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Berry connection: gauge transformation
Obviously, Berry connection A,(R) is gauge-dependent. We
introduce gauge by applying

[ (R)) = ) |n(R))

where ((R) is arbitrary smooth function. Then A,(R) transforms
as

A(R) = (0 (R)| o 1 (R)) = i (ne™ | )

34

=i(ne” ¢
i(ne™'¢| e’ R

i iC
o) i) o

0
7=
Consequently, phase v, between starting and final points changes
by ((R(0)) — ((R(T)) where R(0) and R(T) are initial and final
points of the path C.

—An(R) — —((R)
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Berry connection: gauge transformation in Maxwell
equations

A(R) = Ar(R) — 2

Note analogy with gauge transformation in Maxwell equations:

0
B=VxA, E_—ch—aA
where A and ¢ are magentic vector potential and electric
potentials.
Gauge transformation of A and ¢ by arbitrary scalar function

W(r, t) (called gauge function)

R)

ov
A,—>A+VW, @léw—a

Under this transformation, the E and B do not change. Note, we
assume the gauge phase ((R) does not depend on time.

https://en.wikipedia.org/wiki/Gauge_fixing


https://en.wikipedia.org/wiki/Gauge_fixing
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LBerry phase and Barry curvature

Berry connection: gauge transformation
7' (R)) = €T |n(R))

= /C dR - A(R)

g

Fock 1928: one can always find suitable
gauge ((R) so that accumulated .~ o \ wete ‘Q‘
: NI
plhase v along any path C is tg‘/{&:’m
always zero e

= v, was thought to be
unimportant and was usually
neglected
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Berry phase and Berry connection: gauge transformation

Berry 1984
path C is closed, i.e. R(0) = R(T)
= We assume gauge exp[i¢(R)] to be
single-valued.
= the gauge must fullfils

C(R(0)) = C(R(T)) = 2nN
N is integer.
= Integral of phase over close path is
well-defined, and gauge-invariant (with
exception 27w V)

’yn:féd’R-An(R)—FZTN R

M
Nl
RS
'\“‘Q “‘8‘:““

0
N %L
\\‘§§\ S ‘::'{ 50 )

being known as Berry phase or
geometrical phase.
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Berry curvature |

In following, we limit to 3D space of
parameters R. In case R is in 3D, Stokes
thorem relates Berry phase as

Vo = ]édR-A,,(R) = /Sﬂn(R)-dS

where Q,(R) is called Berry curvature:

Qn(R) = Vr X Ap(R) =i 0

Sl X )

m , is defined for each point of R-space,
it is property of each point

m , is gauge invariant (i.e. well-defined,
measureble)

X0
i,
NGRS “"“";";""'"
W “‘“‘0“0;"'"""
S 'é‘:’:"":‘:‘
S
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Berry curvature in k-space

In solid state physics, parameter space R is
k-space, i.e. R = k. Then, Berry curvature in
k-space:

A

0 0 PR
(k) = Vie x An(k) = i {5 n| x | 5 -n) ‘\‘:‘\\:t::?,,,"

‘O‘v,‘y;l
m Notice that Berry curvature writes in form

'gradient vector-times gradient’, which is
zero for scalar functions, V¢ x Vi) =0

m Here, there is gradient in bra and ket Ko
wavefunctions, (Vn| x |Vn) #0, as (Vn|
and |Vn) differ by phase.
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Berry curvature and transport
€2, can be viewed as the magnetic field in the k-space
R:—%E+ixm
P E@en(k)
 h Ok

= non-zero Berry curvature is responsible for phenomena in solids,
where motion is perpendicular to the applied force

— k x (k)

m Anomalous (Hall) efffects, spin-Hall
effect, j = oga1 M X E

m Nerst effect, spin Nerst effect,
j=NMx VT

m magneto-optical Kerr effect, magnetic
circular dichroism: off-diagonal
perm|tt|v|ty 6Xy ;é 0 www.tf.uni-kiel.de/matwis



www.tf.uni-kiel.de/matwis
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Berry curvature: symmetry considarations

Inversion (point) symmetry:
Inversion symmetry is given by symmtery of the Hamiltonian

leading to symmetry in eigenstates and eigenvalues:
en(k) = €n(—k),  un(k) = up(—k)
Then, following definition of Q,(k) = i(%n| X |%n)
Qn(k) = Q,(—k)

Time reversal symmetry:
Under time reversal: (k) = —Q,(—k)
‘ = Q = 0 only when time or inversion symmetry is broken




Two level degenerate system
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Two level degenerate system: Hamiltonian
Let us have two-fold degenerate states |a), |b)

Ho |a) = €0 |a)
Ho |b) = €0 |b)

Adding perturbation Hamiltonian AH, we search for solution |u)
(H+AH)|u) = €lu)

Assuming the solution is in basis of original wavefunctions,

|u) = ala) + b|b), the general form of two-level perturbation
Hamiltionan is as (i) H must be Hermitian, H = H* (ii) without
lost of generality, we assume degenerate eigenfrequencies are zeros
(e0 = 0).

AH(R)_[ Z X+iY]_[Z Rﬂ

X-iy —Z R —-Z
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Two level degenerate system: Hamiltonian
[z X+ _[Z Ry
AH(R) = [X—iY 4 ] - [R —z}

where X(R), Y(R), Z(R) depends on path in the parameter
space R. Schrodinger equation has eigenvector |u) = a|a) + b|b)

< ZL =l

leading to two solutions +, —

e+ = VX2 + Y2+ 272=4R
+) = [ut) = a+ [a) + by |b)
9  Z—ex  X-iY
a), X+i¥Y Z+es
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Two distinct meaning of Pauli matrices
. [o1 .o —i . 1 o0
1t o T li o 2= o -1

Pauli matrices as a spin operator S in up-down bases of the
spin part of the wavefunction,

=[]

The Hamiltonian of spin in magnetic field is (Zeeman term)

e I

Comment: o denotes vector of Pauli matrices.
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Two distinct meaning of Pauli matrices

. o1l L o -] . 10
*Zlto Tl oo 270 -1

Pauli matrices as generating matrices of any Hermitian 2x2
matrix. l.e. they are generating (base) matrices of any
two-level system

V4 X+iY

X _ iy 7 :|:XO'X+Yo'y+ZO'Z:h'O'

AH(R) = {

— 'spin-in-magnetic-field' problem is example of the two level
degenerate problems.

— appearance of o matrices in two-level degenerate problem may
be confusing, suggesting that problem handles spin.

— two level degenerate system is a very common problem, e.g.
spin-orbit coupling, graphene etc.
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Two level degenerate system: spin in magnetic field
Free electron under magnetic field has perturbation Hamiltonian
e e
AH=—-p-B=—S-B=—[5B+5,B,+S,B,]
mc mc

where p, S are electron’s operators of magnetic moment and spin
angular momentum, respectively. The spin operators are

h h h
SX—EO'X Sy—EO'y 52—50'2

where in basis of up/down spins, the Ox/y/z are Pauli matrices:

. o1l . o -] . 1 o0
Zlro T lioo 7270 -1
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Two level degenerate system: spin in magnetic field

Then, normalized Hamiltonian in up/down spin basis writes:

2me 0 1 0 —i 1 0
ARk _BXL 0]+By[i 0}+BZ[0 —1}
2mec B, B« + iB,
ARy = {BX—iBy B, ]

i.e. it has form of general two-level perturbation form as discussed
above.
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Two level degenerate system: spin in magnetic field

Solving problem, where size/direction of external field is a path
parameter, R = ¢ B. Then, Berry curvature is

2mc
(+IVrH|-) x (-[VrH[+)

(e+ —€-)?

where Vg H is vector of o matrices, namely OH/0x = oy,

0H/0y =0, 0H/0z = 0.

Rotating coordinate system that B || z, Berry curvature €2 is
Qi = i (+loy|=) (~|oz|+) /2R* =0
Qi =i (+Hoz|=) (~loxl+) /2R? =0

Q+:i

Qi 2 =i (+|ox|=) (—|oy|+) /2R? = SR?

Rotating coordinate system back,
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Two level degenerate system: Chern charge

BZ
(@) (b) E
R B T
QR)= == ~—=
/ - o R \ —By

= Berry curvature of SN B
two-level degenerate state }
behaves as originating BX oy

from monopole source
with strength % located at
point of degeneracy, at
position R =0

= degeneracy points serve
as a source or drain of
Berry curvature flux.
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Two level degenerate system: Chern charge

Total flux of Berry B.
curvature by close surface (a) (b) E
around this degeneracy
point is i
,- - 5 ~ —By B
— 9 Q-dS =N, BN
4 S
Bx ﬁ:iln‘

where N=integer, being
called Chern charge,
enclosed within the area S.
Quantized nature of Chern
charge is responsible of
quantization of many
phenomena (e.g. quantum
Hall effect)
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Two level degenerate system: Chern charge
Bz

@ ® g

The Berry phase (a.k.a ) e
geometrical phase) s = gy
associated with close path A

C in the vicinity of the
monopole of strength 1/2 - el

WC:/Q-dS
S

(Solid angle given by S)

N =
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Two level degenerate system: symmetry

Let as assume, in point Rg, two-level system become degenerate,

€n N €m

m Then, Berry curvatures €2,,, €2, in the vicinity of Ry is
dominantly determined by (nearly) degenerate states |n), |m)
and having opposite signs

n|VrH|m) x (m|VgH|n)
(€n — €m)?

m Hence, the change of phase in path around degenerate point
Ro are opposite, Yp.c = —Vm,C-

Q= Q= i
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L Two level degenerate system

Dispersion relation of free the electron

m Newton (classical):

(&)

2 Newton
E = Emv2 = L — Einstein|
2 2m 2 = = = Dirac
m Einstein (special 1
.. ) 2
relativity): £
S 0
g
E = p2C2 + (mC2)2 T
2
P -2
~ mc? + —
2m
. . =3 -2 1
m Dirac €q uation: Linear momentum p/(mc)

E=cp
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Two level degenerate system: Dirac equation

Dirac equation, describing spin—% particle (e.g. electron):

Newton
—— Einstein|
= = = Dirac

mc®>  co-pl| [u _ . |w

co-p —mc?| || |w

b = [un] Uy = [WT}
U1¢ U2¢

m u1, up: each two-component wavefunctions (up/down spin)

Energy E/(mcz)

0 1
Linear momentum p/(mc)

m uy, up: solution for particle (m > 0) and antiparticle (m < 0)

m for p =0, gap 2mc? between particles and antiparticles
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Two level degenerate system: effect of mass

N

— Effect of the diagonal term
(mass)
Here, we keep p =0

mc? 0
Hz = [ 0 —mCQ] N

— Effect of the off-diagonal terms
(momentum) 2

2
_ [me cp
Hi = [ cp —mc2}

Energy E/(mc?) for p=0
!

Energy E/(mc?)
:

-2

mc?  —icp N
icp —mc? -

4 [
Linear momentum  p/(mc)
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Examples of Dirac cones in electronic structure: Graphene

Electronic structure of graphene:

m 2D sheet of
carbon

m 2D-Dirac cones
(along ky and k)

m up-down electrons
are degenerate

m Fermi surface
consists of just
points.

http://faraday.fc.up.pt/cfp


http://faraday.fc.up.pt/cfp
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Weyl equation
Dirac equation for massless spin—% particles (mg = 0) — Weyl

equation (in particle physics describing neutrino)
0 co-p w] [«m]
= |p|c
[ca P 0 ] LOR Pl PR
which can be rewritten to
[lp|+ o - plec(p) =
[Ip| — o - Pler(P) =

solutions: spin helicity is fixed with the direction of motion.
In solids, terminology 'Dirac’,

"Weyl" is used for degenerate, w
. e — —
non-degenerate spin states on the *

Cone, respeCtlvely Dirac point F\oquet;Weyi points
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Two level degenerate system: Maxwell equation

Lossless Maxwell equations describing photon (boson with spin=1)

o UxX]TEl__[e x][E
~vx 0 ||B|TY|xt ul|B
The main difference between fermions and bosons is time symmetry
(fermions: T2 = —1, bosons T2 =1, T is time operator)
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Transport properties
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LTranspc»rt properties

Visualization of non-equilibrum electron states

Sketch of equilibrum electron distribution (i.e. Fermi surface) and
examples of non-equilibrum electron distributions

Equilibrun state: Electron accumula- Electron accumula-
tion: tion:
Ap>0 Ap <0

k K k.
y y y
K, X K,



Introduction to topology in solids
LTransport properties

Introduction to electric conductivity

m applied electric field E
m all k-vectors move in the reciprocal space
by k =ko — eEt

m it corresponds to speed of electrons y

h eE
(k ko) =

i.e. classical acceleration of electrons by K
electric field

m this electron acceleration continues until
electrons get scattered

m note: only electrons from unfilled bands
contribute to the charge transfer

m finally, charge current is generated
i=efgyv
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Electron dynamics in electric field

Electric field E is an perturbation to the Hamiltonian
AH = e¢(r) = —€E -, E=-V¢

¢ being electrostatic potential.
m However, this perturbation breaks translational symmetry of
the crystal = Bloch theorem can not be applied.

m To introduce E without breaking time symmetry, E can be
introduced by time-varying vector potential A(t),

E:—w—gtA

A(t) = —Et
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Electron dynamics in electric field
Then, time dependent Hamiltonian has form
1
H(t) = — A(t))? + V(R
(£) = 5 [p + A + V(R)

1
= S [ha + V(R)

m hq = h(k + eA(t)) is (time independent) canonical monentum
= ¢ is still a good quantum number, with q =0
m p = hk = i(q — A(t)) is momentum.

= change of momentum k is simply
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Electron dynamics in electric field
Substituting k = —+E to transport equation

k:_%m+fxm

. 10eq(k)
“h ok

—k % Q,(k)

We got speed of Bloch electron in the crystal (in absence of
scattering)

eE e
Vn(k) = ;t — ﬁE X Qn(k)
— the first term describes conductivity of the electronds
(completly filled bands to not contribute to the conductivity).

— the second term describes anomalous conductivity, i.e. v L E
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(Ordinary c? electric conductivity

the speed of electron in solids (the
first term):
1 0e,(k)
T hoOk
k
can be approximately expressed as Y
(assuming parabolic dispersion
e~ (k —ko)?):
Nl 9 — k
v ﬁae(k) = X
10 R >
7Ok [z( ko) }
:E(k—ko):ﬁktzﬁt -

providing just simple acceleration of
the electron by electric field
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Anomalous electric conductivity
we add non-zero Berry curvature €2 to our sketch of electron states

m Berry curvature on Fermi
surafce is a point/line feature.
m here, we assume crystal with:

— time symmetry is broken
— inversion symmetry is present

Q(k) = Q(—k)

= due to equal direction of €2, all
anomalously scattered electrons
are scattered in one direction
(up), v~ ExQ

= anomalous (Hall) current,
Jgan L E is created, due to
break of time symmetry
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Anomalous electric conductivity

now, add non-zero Berry curvature, but with broken inversion
symmetry

m here, we assume crystal with:

— inversion symmetry is broken
— time symmetry is present

= due to different direction of €2,
there is no net current
perpendicular to E

= anomalous (Hall current),
Jgan L E is NOT created, due
to presence of time symmetry
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LTranspc»rt properties

Visualization of non-equilibrum electron states

Applied electric field E in x-direction
= charge current is generated

No Berry curvature  Berry curvature Berry curvature
no time symmetry no inversion symmetry
inversion symmetry time symmetry
Q(k) = Q(—k) Q(k) = —Q(—k)
K k k
y y y
Q
Q
k>< kx
Q Q
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LE><amp|es of Berry curvatures on bec Fe

Examples of Berry curvatures
on bcc Fe
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Color: projection to

partial dos to d states
‘ d-states:

0.8
0.6
0.4
0.2

E [eV]

-0.2
-0.4
-0.6
-0.8




Introduction to topology in solids

LE><amp|es of Berry curvatures on bec Fe

isoenergy surface E = 2.23 eV, bands 14,17, color=(2,
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LE><amp|es of Berry curvatures on bec Fe

isoenergy surface E = 2.23 eV, bands 14, 17, 2D view

X 10'3

180

RE
=
()
e
]
s P e
E=1

mhi [AAa~]
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LE><amp|es of Berry curvatures on bec Fe

isoenergy surface E = 2.35eV/, bands 14,18, color=%2,
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\—Examples of Berry curvatures on bec Fe

isoenergy surface E = 2.35¢eV/, bands 14, 18, 2D view

x 10
180 pe

=)
@
=,
o]
I
@
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LE><amp|es of Berry curvatures on bcec Fe

Integrated Berry curvature on bcc Fe
H(001) r(101)

v

Fermi surface in
(010) plane (solid
lines) and the
integrated Berry
curvature -Q2,(k) in
atomic units (color
map) of fcc Fe.
From Yao et
al.,PRL, 2004.
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L Examples of Berry curvatures on bec Fe
Fermi surface on bcc Fe

Fermi surface for up-spins: Fermi surface for down-spins:
Fedn




Relation between Berry
curvature and Kubo formula
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Berry curvature: dc Hall conductivity

Conductivity in x-direction, when field is applied in y-direction:

Ix = —€Vx

ez/ oyl
Z/BZ K £ k) (E x 2,(0)),
25 Ehea

where f,(k) is Fermi distribution function.
Note, amplitude (jx) is perpendicular to applied force (Ey).




Introduction to topology in solids
L_Relation between Berry curvature and Kubo formula

Berry curvature: dc Hall conductivity

off-diagonal (Hall conductivity) given by Berry curvature writes:

. 2 3

Jx e d>k
X:—:——g (k). - (k
et E, h H/Bz(27f)3 ()2n2(K)

On the other hand, the well-know relation describing conductivity
(and light absorption) is Kubo formula:

Oxy = 2h Z Z / 3 [f - fn'(k)]

n n'#n
. {alp<ln’) {n'lpy[m) — (nlpy|n") {n'|px|n)
(€n — 6n’)2

How to relate both expressions?
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Relation between Berry curvature and Kubo formula Il

First, let us establish identity:

ew (Vin|n'y = (Vin|Hn')
= (n|VH|n") + (n|H|Vn')
= (n|VH|n') + €, (n|Vin')

taking into account (n|Vyn') = (n|Vn') = (n|V|n') we obtain

(Vien|n') (€w — €n) = (n|VicH|n')
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Relation between Berry curvature and Kubo formula Il

m applying the identity using complete set of orthonormal basis
vectors 1 =) |m) (m|

Q = Vi x i (n|Vien) = i {(Vien| x |Vien) =i > (Vien|m) x (m|Vin)
m#n

m substituting (Vin|m) (em — €5) = (n|VH|m)
) (n|ViH|m) x (m|VH|n)
Q, =
=iy (P

n#m
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Relation between Berry curvature and Kubo formula Il

m Taking into account

h? h
VkH =—k= —P
m m

Berry curvature can be expressed by matrix elements of

momentum:
Q. — 1 {nlp|m) x {m|p|n)
n=1— 2
Mme ntm (€n - 6m)

— this form of Berry curvature corresponds to Kubo formula

— this form is used to express Kubo formula by calculations
(both analytical and numerical), to avoid gradient of
wavefunctions.
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Time reversal symmetry
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Time reversal symmetry |

(according F. Haake, Time Reversal and Unitary Symmetries in Quantum Signatures of Chaos)

A classical Hamiltonian system is called time invariant, when for
time reversal t — —t, the solutions transforms as (conventional
invariance):

t— —t X — X p— —p L——L S— -8

Y= Ty
where T is time-reversal operator, being so-called antiunitary,
defined as:
(TY[To) = (Yle)" = (dl¥)
because

m overlap of two wavefunctions must be preserved
m explicit '/’ in Schrodinger equation; ihdy /0t = Hy
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Time reversal symmetry Il

Time reveral operator T is antiunitary = T2 is unitary, | T?| =1
= time-reversal operator can be written as

T =UK
where K is complex conjugation and U is unitary operator

= T2=+1
m T2 =1 for spinless or spin-integer particles (e.g. photons)
m T2 = —1 for spin-1/2 particles (electrons)
Note:
m Hamiltonian is non-dissipative (i.e. conserving phase-space
volume according to Liouville theorem)
= following discussions regarding time reversal does not work for
dissipative system.
Note: unitary operator: U* = U™, i.e. complex conjugation equals
inverse (e.g. U is rotation operator, keeping angles and lengths).

F. Haake, Time reveral and Unitary Symmetries, Quantum signatures of chaos, Springer
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Spinless particle

Schrodinger equation ih%w(x, t) = Hy(x, t)
2

Hamiltonian H = 2p— + V/(x) is called time-reversal invariant when
m

having solution 1(x, t) for t, there is another solution ’(x, t') for
t' = —t uniquely related to 1(x, t).
In case of so-called conventional time reversal

t— —t X — X p— —p

P(x) = 97 (x) = Ky (x)

with K being operator of complex conjugation, with K? = 1.
Hence, in case of spinless particle, time reversal operator T equals
operator of complex conjugation K, T = K

Tly) = Kly) =[v)"
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Spin-1/2 particle

Spin-1/2 particle requires reversal of spin under time reversal

(TO|TSY) = (T TST | Typ) = — (¢|S|)

providing
TST '=-8§

= operator T can not be solely complex conjugation
= T = UK,
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L Time reversal symmetry

Spin-1/2 particle: derivation of form of T-operator

Derivation of T = UK for spin-1/2 particle (S = 40o):
To;T ' =—0;

U must have general form as (general form of any Hermitian 2x2
matrix)

U= aox+ Boy, +v0, +0
we get only non-zero term 3 = i and hence time operator for
spin-1/2 particles is

_ol] K = expliro, /2]K

T—iayK—i[(l.)
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Kramers' degeneracy
For any Hamiltonian invariant under time reversal

[H,T]=0

its eigenvectors |1,) and | T1),) has equal eigenvalues E,,.
m for T2 = 1: we can choose eigenvectors to follow [t)) = | T1))
using combination [¢)) = a|¢) + aT [¢)
m for T2 = —1, 1) and |T%)) are orthogonal

(WITY) = (TY|T?)" = —(Ty|) = — (¥|Tep) =0

= all eignevalues of H are double degenerate, with
eigenvectors |¢) and T |¢) = |T), called Kremers'
degeneracy.

For example, in case of single-electron Hamiltonian without
SOC and without B, spin-up and spin-down states are
degenerates.
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Kramers' degeneracy without geometric symmetries |
For T2 = —1, we adopt basis
1), IT1), [2), |T2),...IN), [TN)
General wavefunction can be written as
1Y) = Z amt+ |M) + ame— | Tm)

| Te) = Z s | Tm) — apye_ [m)
m

As | Tv) = UK |[¢), U must have form

Unm = [(1) _01] = —ioy, Umn =0 for m#n
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Kramers' degeneracy without geometric symmetries |l
Similarly, Hamiltonian can be written as

_ | {mlH|n) ~ (m|H|Tn)
himn = [(Tm|H|n> (TmH|Tn>]

where the matrix form of Hamiltonian element h,,, can be written

using Pauli matrices and four real h,,(,),',"3) with

hmn = hgr?r)rl —ihp, -0

This is similar form of Hamiltonian we discussed for two-level
degenerate system

= break of time symmetry when Hamiltonian contains terms not
fulfilling time reversal symmetry (such as SOC) then in general
off-diagonal terms are nonzero, diagonal terms do not equal

= break of time symmetry provides splitting of eigenvalues and
non-zero Berry curvature.
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Kramers' degeneracy without geometric symmetries |lI

In case of photons, T2 =1 = Hamiltonian element

_ | {m|H|n) ~ (m|H|Tn)
hmn = [(Tm|H|n> (TmH|Tn>]

is diagonal, hpy,, = hg,?,),l

= break of time symmetry (i.e. Hamiltonian non-invariant under
time reversal, [H, T] # 0) does not provide energy splitting or
Berry curvature of photon wavefunction

= splitting of photon eigenvalues can be obtained by interaction
with solids (magnetooptics)



Spin-orbit interaction of light
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Spin-orbit interaction of light

K.Y. Bliokh, Nature Photon. 9, 796 (2015)
Similar to spin-orbit coupling of electron, there is spin-orbit
coupling also for photon (for light beam).
m Spin-orbit interaction of electron: connect spin wavefunction
and space wavefunction
m Spin orbit coupling of photon: connects beam trajectory and
its polarization state (also know as optical spin-Hall effect).
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Angular momenta of light |

Spin angular momentum S:
degree of circular polarization (helicity)
o=(-1,1)

k

S:O'*:O'E
p

k

Extrinsic orbital angular momentum L*;
determined by the trajectory of the beam R S
LeXt — R % p

Transverse shift
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Angular momenta of light Il

Intrinsic angular momentum L™t:
helical phase front: phase of the beam
depends on position inside beam,
approximately

E(r,z,¢) =~ Eo(r,z)explilp], where r,
z, ¢ are coordinates in cylindrical
coordinates.

e K
Lt=1, ez
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Angular momenta of light Il
l=-2 =42

Olo]
"

RE

u(r,z,¢) = exp <—ik2f£(z)> exp(—ilo) exp(—ikz) exp(ith(z))

(a)
Intrinsic angular
momentum LMt;

[=0
Laguerre-Gaussian modes: )
esymmetrical beams with
non-zero intrinsic angular

Ajisuajur
pazi[euLiou

aseqd

[
5

momentum of light (©)
ealso called optical vortex
with topological charge /

wiergorayIaul
PpazijeuLoun

=

Helical mode conversion using conical reflector, Optics Express 20, 14064 (2012)
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Optical spin Hall effect |

Interactions between those three
angular momenta of light represents
spin-orbit coupling of light.

Example: optical spin Hall effect:
The light beam on reflection displaces
(shifts) according to the beam helicity
o. Consequence of total angular
momentum conservation:

J=S+L*=S+Rxp

o
o

adjusting coordinates that incident
beam has R = 0 and hence L®* =0
S-S ~R xp

K.Y. Bliokh, Nature Photon. 9, 796 (2015)

y-splitting (nm)
IS
S

N
S

0 20 40 60 80
Angle of incidence, 8 (°)
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Optical spin Hall effect Il

3

J =S+ L% = const.
displacement of beam due to
light helicity inside the glass
cylinder with gradient of
refraction index. % T T2 6 3 a6

Turns of the helix

Shift |R+ - R‘| (um)

p=vn(R) R=P_7P*P

(overdot denotes derivation
according to the trajectory,
p = k/ko is dimensionless
momentum)

Bliokh Nature Photon. 2, 748 (2008)
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Optical spin Hall effect IlI

The relation between light polarization and trajectory can be laso
understand in terms of Berry phase:
a b k

Rotated coordinate frame Circular Electric-field
polarizatiofs vectors

Right-hand Left-hand
polarization polarization

Phase of the light wave varies as light propagetes inside glass
cylinder providing cyclic variation of wavevector direction p
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Optical spin Hall effect IV

Berry connection:

‘B0 g
A=—/E° - VE b k
Circular Electric-field
polarizatiefhs = = vectors

Berry curvature:
Q% (k,0)=VxA=0—

Geometric (Berry) phase:

dg = / Adk = / QdS; -
C S

= 27mo(1 — cosf)
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Spin transfer by evanescent wave

Transverse spin

Electrical field of the evanescent

wave (propagation along y, recall
E-k=0):

Electric (magnetic) field

0 0
k= |k E= |i(—K/k)E;
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LSpin—orbit interaction of light

Profile of electric field

Electric (magnetic) field

Profiles of electric field in paraxial beam and evanescent beam,
providing longitudinal and transverse spin angular momentum.
— i b o o

r erse angular mon
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Selection of evanescent wave propagation

As spin of the evanescent wave is given by propagation of spinwave, the
polarization (helicity) of incoming beam determines propagation direction
of the evanescent wave.

b Left OMME" 11 Intensity (a.u.)

XDO NNV
| [t [ —

1 Intensity (a.u.)
A

Scatterer

0 45 90 135 180 225 270 315 360
Quarter waveplate orientation (°)

"Remarkably, the universal character of spin-direction locking in
evanescent waves can be associated with the quantum spin-Hall effect of
photons, which makes it an optical counterpart of the quantum spin-Hall
effect of electrons in topological insulators”
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LSpin»orbit interaction

Spin-orbit interaction
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LSpin»orbit coupling

L Dirac equation

Spin-orbit coupling: Dirac equation

Spin-orbit coupling term couples spin of the electron o = 2S/h
with movement of the electron mv = p — eA in presence of
electrical field E.

eh

The maximal coupling is obtained when all three componets are
perpendicular each other.

The spin-orbit term can be determined from solution of electron
state in relativistic case. The equation describing relativistic
electron is called Dirac equation, relativistic analogue of
Schrodinger equation.
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LSpin»orbit coupling

L Dirac equation

Dirac equation: introduction |

m Relativity describes nature at high speeds, v ~ c.

m Relativity unites time and space, described by Lorentz
transformation

X — vt - =
/ /

X = — = — ¢
2 2
|4 |4

1 = 1 =

= relativistic quantum theory must do the same. Schrodinger
equation does not fulfils this, as it it has first derivative in
time and second in space.



Introduction to topology in solids

LSpin»orbit coupling

L Dirac equation

Dirac equation: introduction Il

Relativistic theory expresses total energy of the particle as:

W2 = p?c® + mic* (3)
Quantum operator substitution: p — p = —ihV,
W — W = ihd/0t. It follows in Klein-Gordon equation
1 02 mic®
2 0
(V T 202 >¢(r t) = (4)

This Eq. reduces to Eq. (3) for plane wave (free particle)

Y(r, t) = expli(r - p — Wt)/h]. This condition limits following
solutions to particles with spin 1/2, as space-time wavefunction is
symmetric, and hence spin-part must be antisymmetric.
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LSpin»orbit coupling

L Dirac equation

Dirac equation: derivation |

let as ASSUME, the Dirac equation will have first derivative in
time. Then, it must be also in first derivative in space.

wave function is superposition of N base wavefunctions
w(n t) = E ¢n(rv t)

must fulfil Klein-Gordon equation, Eq. (4)

General expression of condition 1:

8, Op
i w Z Z ;/V,,8¢ _ﬁZBlnwn (5)

w=x,y,z n=1
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LSpin»orbit coupling

L Dirac equation

Dirac equation: derivation Il

When expressed in matrix form (¢ is column vector, af‘n is
3 x N x N matrix, 8;,is N x N matrix)

19y(r, t) imc ~

“T = =G Vil t) — T Fu(n 1) (6)
Substituting quantum operators p — —ihV, we get Dirac equation
200 Gy = (a-p+ Bmduny (0

where matrices &, 8 are unknown.
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LSpin»orbit coupling

L Dirac equation

Dirac equation: non-relativistic limit

When Dirac equation is solved up to order 1/c?, we get

;1 (h 2
H=— <V = eA(r)> + V(r) + mc? Unrelativistic Hamiltonian

2m \ i
h
- %U -B Zeeman term
m
eh . . .
- ma “[Ex (p—eA)] Spin — orbit coupling
1
- W(p — eA)4 Mass of electron increases with speed
m3c
h%e _, )
+ WV V(r) Darwin term

Darwin term: electron is not a point particle, but spread in volume
of size of Compton length ~ //mc.
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L Understanding spin-orbit coupling

Spin-orbit coupling: discussion |

Spin-orbit coupling term can be sepaarted into two components:

eh eh ey
“amea? [Ex(poeAl =g [Explt oo [Ex Al

= Hsoc + Hame

AME=Angular magneto-electric

m The electric field E = —EVV . 2A
e ot
m canonical momentum p = —ihV (conjugate variable of

. . OH |

position; O —pbi, I Xi)

m kinetical momentum mv = p — eA (defines kinetic energy and
represents velocity)
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LSpin»orbit coupling
LUnderstanding spin-orbit coupling

Hsoc in spherical potential, static case

eh
fsoc = =gz

Spherical potential V(r) =

providing:

1dV 1 14V
h 1d 1dVs L—es.L

H v ) -
SOC = am2e2 dr o-(rxp)= 2m2c? r dr

where spin angular momentum S = %0' and orbital angular

momentum L=r x p
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orbit coupling

nderstanding spin-orbit coupling

Understanding spin-orbit coupling: spherical potential

m spin of the electron creates electron's magnetic
moment (in SI)

e e h 2up
Bs m m27 el h L
where pg = % is Bohr magneton.

m orbital moment (around atomic core) creates
magnetic moment too

€ UB
L m 3 KB
(or can be understood as creating magnetic field N
Hefr due to current created by electron orbital) PR

m the mutual static energy of spin and orbital is
then Eso approx = —Its - Befr or just electrostatic
interaction between both magnetic dipoles.
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L Understanding spin-orbit coupling

Understanding spin-orbit coupling: Lorentz transformation

Electromagnetic field appears different as observing frame is
moved. For example, if a charge is moving in the laboratory frame
(unprimed), we observe both electric and magnetic fields. In the
frame of the moving charge (primed), only electric field is observed
and the current and magnetic field are absent. Lorentz
transformation of el.-mag. fields between both frames is:

Ei=E B =B
,  (E+vxB), (B—v/c®> xE)|
L \/7\/2 [1_ w2
T2 T2
where L and || are relative to the direction of the velocity v.
l.e. for small speeds, E‘ =E+v x B and B'=B — % xE

B =
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LSpin»orbit coupling

L Understanding spin-orbit coupling

Understanding spin-orbit coupling: Lorentz transformation

For electron flying by speed v through static electric field E, in its

frame the electron feels magnetic field B’ = —= x E, which
torques/acts on its spin. The Hamiltonian is given by Zeeman
interaction
Hso.e~p = —ps - B (8)
eh 1
eh
= 5,229 (Exp) (10)

which is twice larger compared to Hsoc derived from Dirac
equation. Missing half is due to Thomas precession (in case of
electron orbiting nucleus, it is the precession of the electron rest
frame as it orbits around the nucleus).
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L Understanding spin-orbit coupling

Lorentz transformation: extrinsic spin Hall effect
In laboratory frame, spin-Hall effect provides scattering of electrons
on charged impurity along to electron spin.
In electron frame, it can be understood as charge current from
impurities, providing magnetic field, according which the electron
spin aligns.

~ /f’ |

Spin current

Figure 1. The Spin Hall Effect. An electrical current induces spin accumulation at
the lateral boundaries of the sample. In a cylindrical wire the spins wind around
the surface, like the lines of the magnetic field produced by the current.
However the value of the spin polarization is much greater than the (usually
negligible) equilibrium spin polarization in this magnetic field.
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LSpin»orbit coupling

LE><a|mples of spin-orbit effects

Examples of spin-orbit effects

eh

Various SOC effects are obtained by different origins of A and
1 d
Examples:
m SOC in spherical potential (already discussed)

m optical spin pumping: excitation of electrons with selective
spins in GaAs

m E has contribution originating from interface of two materials:
— Rasha effect

m A has contribution of incident light: coupling between angular
momentum of light and electron spin (optomagnetic field)
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LSpin»orbit coupling

LE><a|mples of spin-orbit effects

Example: splitting of atomic levels by SOC

Splitting of atomic levels due to spin-orbit coupling (without
magnetic field). The energy levels corresponds to different values
of the total angular momentum J

J=L+S
J.J=(L+S) - (L+S)=L-L+S-S+2(L-S)
JU+1)=1I(l+1)+s(s+1)+2(L-S)

<L~S>Z%U(j+l)—/(/+1)—s(s+l)]

For p states, /| =1, s =1/2 and j = 3/2 (4 electrons) or 1/2 (2
electrons). So, due to spin-orbit coupling (without magnetic field),
the energy level of electron splits into two levels.

Thus, the spin-orbit interaction does not lift all the degeneracy for
atomic states. To lift this additional degeneracy it is necessary to
apply a magnetic field.
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Optical spin orientation

Electron excitation by circularly polarized beam in GaAs excites

electrons with selective spins.

m; -y 2 ;

m for w between E, and t : _fz'k_ HF‘L_T s

E; + Aso, only the ; \ ||

light and heavy hole ' S .

subband are excited. E, | Ve )| Ee

Then for zinc-bland =ho | XX ', )

structure (e.g. GaAs), : | TN N I

the spin-polarization is Vol D AmS e\ - i — VB

P, =—1/2. WV T e

_ o e W / Y §-0.34 eV

m Light polarization can ' 5 B w \

also be used to detect & I 4

spin polarization in 18~ x

4

semiconductors.
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Rashba effect |

Rashba Hamiltonian: electric field E is
created on interface, E || 2:

HRashba = a(a X p) Z

a: Rasba coupling
p: electron’s momentum
o: spin direction (Pauli matrix vector) o

The Rashba effect is a momentum dependent splitting of spin bands in
two-dimensional condensed matter systems (heterostructures and surface
states). It originates from concurrent appearance of

m spin-orbit coupling

m asymmetry of the potential in the direction 2 perpendicular to the
two-dimensional plane, creating electric field E = E,2 = —fVV



Introduction to topology in solids

LSpin—orbit coupling
LE><amp|es of spin-orbit effects

Rashba effect Il

z

E (arb. units)

DOS (arb. units)

http://www.sps.ch/fr/articles/progresses/
m For p = p, and Hrashba = Ol(O' X p) 2 = HRashba = —QpPx0y
m splitting of energy states according to p and o directions.
m max. splitting when z, p and o are perpendicular each other.

m when crystal lacks inversion symmetry, internal electric field E is
created.


http://www.sps.ch/fr/articles/progresses/
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LE><a|mples of spin-orbit effects

Optomagnetic field |

according to: Paillard, Proc. of SPIE 9931, 99312E-1 (2016)

e’h
HA/\/[E = —WU . [E X A]

Assume electric field as plane wave

Ecxt = —%—? =R (Eoexp[i(k - r — wt)])
providing vector potential as A = §R(—£E0 expli(k - r — wt)])
m Electric field acting on electron has two contributions,
E = Eint + Ecxt, Eint = —1/eVV provided by crystal and Eqy
provided by incoming el.-mag. field.
m term [E;y X A] vanishes as Ej, varies much quicker compared
to A (due to a < \).
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LE><a|mples of spin-orbit effects

Optomagnetic field Il

2
e“h . N
HAME = —md . %[IEO X EO] = —uUB- BOM
KB
Bowv = —mlahelicity
m = —upo: electron magnetic moment, up = eh/(2m) Bohr

magneton

B Opelicity = Jt[iu X u]: helicity of beam, where u is beam
polarization, u = Ey/E

m [ = SLEZ : beam intensity

m direction of By is determined by helicity of the incident
beam O helicity

Note: although By contributes to magnetization torque by
induced light, it is not probably the dominanting term.
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