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Introduction
Classical & quantum description

@ About 1905, extensions of

Classical (Newtonian) mechanics - >
Newtonian mechanics:

@ each particle has well

. . _ e for high speeds: special
defined trajectory 7(t),

theory of relativity

energy I, momentum p and o for small object: quantum
angular momentum L mechanics
@ motion of particle, in a given o In 1928, Paul Dirac wrote
time, described by Z(t), equation, combining
plt). relativistic and quantum
) .
_ P mechanics approach.
o F=g-

o Complete quantum
relativistic theory missing
) up-to-date.

o p=mu

o deterministic system
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Duality

Wave-particle duality I: photons are particles (1)

Photoelectric effect: photons behave as particles:

@ Monochromatic light falling
to metal electrode, knocks
out excited electrons
(so-called photoelectrons)
out of the metal surface.

@ The number and energy of
the photoelectrons are
detected by the volt-ampere
characteristic of electric
current flowing between
both electrodes.

Jaroslav Hamrle & Rudolf Sykora

Incoming blue light
collector plate

emitter plate

.
oo T
K Seoum

electrons get to collector plate

{ Ay amma

current flows

http://galileo.phys.virginia.edu/classes/252/
photoelectric_effect.html
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Duality

Wave-particle duality I: photons are particles (2)

@ Energy of photoelectrons given by o I
. nergy of electrons ejected from sodium metal
light frequency, not by beam -
= 3 AE
. . ¢ LAE
intensity, as would follow from g | e TV AE=125eV
. HERL
MaXWe” equathHS Eg T‘hahr\ea;'mtl‘eas»ein Av =3x10" Hz
ES electron kinetic energy e slope of the curve gave the
Ephoton = Felectron + Wsurface_work £s 1|t i onsimatproponeriiy
Th | h b . . 2£ en;rgypropor(\ona\ i::';i:wm”ma"m
° e light beam intensity e
determines solely number of e e e
. Frequency,Hz x 10 Data from Millikan, 1916
photoelectrons, but not their
energy | hyperphysics.phy-astr.gsu.edu/hbase/mod2.html

o Classical (Maxwell) model: ® Quantum model:
° Elight =I= ‘Eﬁeld|2 ° Ephotc;n = hw = hf

o Ejigng independent on light o p=hk
frequency
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Duality

Wave-particle duality Il: photons are waves

Young (double-slit) experiment: photons (light) behave as waves

Thomas Young's Double Slit Experiment

Screen with
Single Slit

@ in wave description, two waves
originating from each slit interfere
each other, providing interference

—Sunlight Figure 1

LA A0 D
INNNNNN]

Diffracted

H Coherent
picture on screen, Shwosits” Spherical
avefront

I(z) = | By (2) + Ea(x)? - -

L ] -
‘ "l‘. ”
@ when any slit is closed, interference &\-’.ﬁ:ﬁm‘r’!}}
: : s :
picture disappears, I(z) = |Ey(7)|? o bine ".::a:_,:':: oﬁnnr

I = |E 2 In Step <10\ :‘ffgep
or I(z) = | Ea(w)[2. :

Detector Screen Dark Bright  Interference
Frin Fringes

ge Fringe

http://micro.magnet.fsu.edu/primer/java/
interference/doubleslit/
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Duality
Wave-particle duality Ill: photons are waves

However, when any time onIy one Thomas Young's Double Slit Experiment
Screen with Figure 1

photon is within the setup, both wave Single Slit Sunlight

and particle theories become invalid:
@ when many photons passes, the

interference picture appears =

pure particle interpretation based T NS0

on interaction (interference) vah Vv

between photons is not valid. - | Line of
- Qut of Step

@ when only few photons detected,
their detected position is 'random’

. . . Detector Screen Dark Bright  Interference
= pure wave Interpretation 1s not Fringe Fringe Fringes
valid. . . . .

Particle and wave interpretation of light
@ what was photon trajectory are inseparable. Light behaves at the
(through which slit the photon same time as wave and as flow of
passed)? particles. Wave nature allows only to

calculate probability density of the
particle.
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Wave-particle duality 1V: duality

1) Particle trajectory is wrong concept in quantum mechanics:

Thomas Young's Double Slit Experiment

Screen with
Single Slit

@ when photon passes just through
one slit, why is so important, that
both slits are open?

—Sunlight Figure 1

LA A0 D
INNNNNN]

Diffracted

. Screen with Coherent
@ when we would detect, if photon Two Slits Spherical

pass through first or second slit, T 3 T

L ] ] -
"f. ”
the interference disappears. &\-’.ﬁ:ﬁf!}}
s %ar v/
= Trajectory of particle is invalid orbine B e et

laves
concept in quantum mechanics . i — <t — o
(final appearance of photon
depends on existence of both Detector Sereen  fange rae  Enoea
splits).
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Wave-particle duality V: duality

2) Predictions of photon behaviour has only probability character

@ although the individual photons are Thomas Young's Double Slit Experiment
released under equal circumstances, Sreen Wit Sunlight  Figure 1
we can not predict where on the
screen they will be detected. Diffracted

Screen with Coherent
Two Slits Spherical
lavefront

@ we can detect and predict only - =

a2l a -
ility of the ph [ KAV
_probal.al ity o jc.e photon detection ‘\‘-2»"«.‘-’!”
in a given position x avsi%r /
] o ) Line SIS Line of
o this probability is proportional to v (<2 by

laves
In Step 1Sl Qut of Step

the light intensity on the screen
I(z) = |E(z)|?, given by wave

Detector Screen FE‘ﬂm E'I:i‘ghl Intll__arril'erence
description. "o noe ness
o later, we show analogy between Predictions of photon behaviour
electric field intensity F(z) and have only probability character. J
wavefunction [¢(z)) (But E(x) is
not |¢(z)))
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Duality
Wave-particle duality VI: detection

3) Detection in quantum system

) i Thomas Young's Double Slit Experiment
@ imagine, that we put another

detector after each slit, detecting
by which slit the photon passed.

Screen with Figure1
Single Slit L1111 1 —=Sunlight
s LRI T

Diffracted
Screen with Coherent

@ then, the interference picture Two Slits Spherical
disappears

L ] ] -
g 4
e &5
= unlike in Newtonian systems, the :;'gp- Y /
. . &% ] - v
detection changes wavefunction g, rereTHA Line'of
In Step TSl Out of Step
(so-called collapse of
wavefunction). Then, the photon
Detector Screen Dark Bright  Interference
Fringes

behaves as originating from a slit Fringe Fringe
where it is been detected.

Jaroslav Hamrle & Rudolf Sykora Quantum mechanics |l



Duality
Idea of spectral decomposition |

Linearly polarized wave with orientation 6 falls to analyzer with
orientation 0 (i.e. along ).

Classical description: g Polarizing filter

@ incident wave:

cos 6
B, = E —1 ;
; 0 [sm 9 exp|—iwt + ikz]
. Ecos 6
@ only & component of the wave
passes: Ecos 6
Eout _ EO |:COOS 9:| eXp[—Zwt + Zk?Z] http://cnx.org/content/m42522

o detected intensity:
I = |Eowt|? = | Eo|? cos? 6
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Duality
Idea of spectral decomposition Il

Quantum description: g Polarizing filter
@ for small number of incidence

photons, the photon passes
polarizer or is absorbed in the
polarizer.

@ whether the photon passes or is
absorbed is a stochastic process.

http://cnx.org/content/md25622

@ when large number of photon
passes, the number of
passes/absorbed photons must
approach classical limit.

@ hence, each photon has probability
cos? @ to pass and probability sin? 6
to be absorbed.
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Duality
Idea of spectral decomposition IlI

Quantum description:
@ quantum detector (here analyzer) can detect

only some privilege states (eigenvalues,

4 £ Polarizing filter

P .. . . Axis
vlastni hodnoty), providing quantization of e < Ecos 6
detection. Here, there are only two ~
eigenvalues, passed or absorbed. It is Ecos6 S~

different from classical case, where detected Bbttp://cnx.org/content/md2522
intensity continuously moves from I to 0.

o Each eigenvalue corresponds to one
eigenstate. Here, two eigenstates are e; = Z,
e2=79

o after measurement (here after passing
analyzer), the quantum state of photon is
changed to one of the eigenstates of the
detection system. Here, it means that the
photon polarization becomes e or es.
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Duality
Idea of spectral decomposition IV

Quantum description:
@ if quantum state of the incoming photon is one of the eigenstate of

the detection system, then the output is sure, s quantum state will
be kept during measurement.

@ if quantum state before measurement does not belong to eigenstate,
then incoming state must be decomposed as linear combination of
detector’s eigenstate. Here, it means e, = cos 0% + sin 7. Then ,
detection probabilities are cos? # and sin?#. This rule is called
spectral decomposition in quantum mechanics.

@ after passing polarizer, the light is polarized in Z direction. It means,
that during measurement, the quantum state has changed.

o after measurement (here after passing analyzer), the quantum state
of photon is changed to one of the eigenstates of the detection
system. Here, it means that the photon polarization becomes e; and
€.
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Duality
Idea of spectral decomposition V

Quantum description:
@ if quantum state of the incoming photon is one

of the eigenstate of the detection system, then
the output is sure, s quantum state will be kept

Ecos 6
. Ecos 6 i ~_
during measurement. Sy
http:

o if quantum state before measurement does not =~ //cnx-cre/content/nd2522
belong to eigenstate, then incoming state must
be decomposed as linear combination of
detector’s eigenstate. Here, it means
ep = cos 0 + sin 9. Then, detection
probabilities are cos2 @ and sin?#. This rule is
called spectral decomposition in quantum
mechanics.

4 £ Polarizing filter

Axis

@ after passing polarizer, the light is polarized in Z
direction. It means, that during measurement,
the quantum state has changed.
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Duality
Particles and particle’'s waves

Louis de Broglie (1923): “With every particle of matter with mass
m and velocity ¥ a real wave must be associated” (valid also for
massless particles):

o F = hw: energy FE is the particle energy (rest energy and
kinetic energy)

e p= hk: relation between momentum and k-vector of the
particles

Experimentally determined by many means, such as electron
diffraction, neutron diffraction, etc.
| just recall:

@ w = 27 f (relation between angular frequency and frequency)

@ k = 27/\ (relation between wavevector (wavenumber) and
wavelength)
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Wavefunction

Outline

© Wavefunction
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Wavefunction

Wavefunction |¢(Z,t)) |

When generalize conclusion from Young experiment to mass
particles:

@ classical description of particle trajectory must be replaced by
quantum time-dependent state. Such state is described by
wavefunction [¢(Z, t)), providing all available information
about the article.

@ [(Z,t)) is by its nature a complex number (function).

@ interpretation of |¢)(Z,t)) is amplitude of the particle
probability appearance (amplituda pravdépodobnosti vyskytu
¢dstice).

@ Probability to find particle in time ¢ in volume d®r is
dP(t,r) = | |¢(£,t)) | dr®, where | [1(Z, 1)) | is probability
density (hustota pravdé&podobnosti).
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Wavefunction

Wavefunction |¢(Z,t)) Il

@ idea of spectral decomposition for measurement of physical
quantity A follows:

@ (i) the measurement output must belong to eigenvalues a
with corresponding eigenstates [1)4(7)).

© spectral decomposition of wavefunction to eigenstates is
() = 324 Ca [a(F))
© probability that |¢(Z,t)) is measured in state a is

P = |ca]®
@7 Xaleal?

© after the measurement of the physical quantity A, the

eigenstate is [¢(7, 1)) = |¢a (7))
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Wavefunction

Wavefunction |¢(Z,t)) 1l

@ time evolution of wavefunction of a mass particle is described
by Schrodinger equation:

o B, o
Zha W(T’t» = \Y WJ(T?t)) + V(7,1 W(T,t»

T 2m

@ V/(7,t): potential energy

© particle is somewhere in the space, and for mass particle, it
can not appeared or disappeared : [ |¢(7,t)[?d®r = 1

Q [¥(Z,t)) for any time ¢ is determined by [(Z, to))

@ Schrodinger equation is not relativistic (different order of
derivation for space and time)
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Free particle
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Free particle
Free particle

potential energy is constant, V (7, t) = 0, then

h2

2m

LD .
ihss (7. 1) = V2 [1(7, 1))

o solution is wave equation (7, t) = Aexp[i(k - ¥ — wt)]

- hk>
@ k and w are related by: w = —.
2m

=2
@ particle energy is: E = % where p'= hk
m
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Free particle
Wave packet |

Any solution is superposition (linear combination) of single wave
equation. Three-dimensional wave packet can be written as:

W7, 1) = (273)3/2/9(12) expli(F - 7 — wh))d3k

One-dimensional wave packet writes:

Wi, t) = (2;)1/2 /Z g (k) expli(kz — wi)|dk

For t = 0, wavefunction writes
1 & .
Y(z,0) = W /Oo g9(k) explikz]dk
Hence, g(k) can be determined by inverse Fourier transformation

g(k) = (2771)1/2 /O; Y (z,0) exp|—ikz|dz
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Free particle

Wave packet IlI: Interpretation of g(k) = ¥y (k)

e (x) (so called z-representation of the wavefunction):
dP(z) = |[¢(x)|*dz: probability to find particle in position z
within interval = 4 dz

o g(k) = r(k): dP(k) = |t (k)|*dk (so called
k-representation of the wavefunction): probability to find
particle having momentum p = hk within interval between hk
and A(k + dk)

@ normalization (general feature for two functions related by
FT, so called Bessel-Perseval equality):

| w@pds= [ ey

o0 -
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Free particle

Wave packet Ill: Position of maxima of wavepackets

g(k) = |g(k)| exp(ic(k))
Assuming «(k) is slowly changing function around ko, where kq is
centre of wavepacket (i.e. maxima for wavepacket in
k-representation |g(k = ko)| = |k (k = ko)|)-

o) ~ ako) + (k= ko) | 55|

Then, whole phase in Fourier transform is:

Oé(k) + kx = kol’ + Oé(k()) + (k) — ]{70) (l’ — xo)

. [da}
0=— |5
dE | g,

is maxima of wavepacket in z-representation (i.e. maxima for
Y(x = x9))

where



Free particle
Wave packet IV

Then, wavefunction can be written as

$(,0) = eXpW;;j)T/S““”)” | lathlexplith = ko) o o)

@ (x,0) is maximal, when (k — ko)(x — x0) = 0. le. it
happens at position = xg and propagation dominant k-wave
is ¥(x,0) =~ explikox]. It means, the central momentum is
p = hkg, corresponding to maxima of

[V (k = ko)| = |g(k = ko)l.
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Free particle

Wave packet V: Heisenberg relation of uncertainty

lg(k)| expli(k — ko)(x — z0)]

ex [Z(ko.%’ + Oé(k()))] o0
b(w,0) = /

e ” )

@ Define width of wavefunction in k-representation
Yr(k) = g(k) is Ak = k — ko and width of the wavefunction
in x-representation ¢ (x,0) is Az = x — xp. Then, equation
above shows, that this happen when expli(k — ko)(x — z0)]
oscillates roughly once, i.e. when
AkAx > 1, and hence ApAx >h

@ This is related with wave nature of quantum mechanics and it
is a general feature of widths of two functions related by a
Fourier transformation.

@ So, Heisenberg relation determines minimal width of the
wavepackets. There is no limit about maximal width of
wavepackets.
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Free particle

Wave packet VI: Heisenberg relation of uncertainty

@ Heisenberg relation of uncertainty:
ApAx > h

When e.g. momentum is exacted p = hkg, i.e.

g(k) = 0(k — ko), then the position of the particle Az is
infinite, i.e. particle is not localized at all. Again, this is
consequence of wave nature of quantum mechanics.
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Free particle
Time evolution of wave packet: phase velocity

o Plane wave expli(kz — wt)] propagates by phase velocity
vy = w/k.
o As w = hik?/(2m), phase velocity becomes vy = hk/(2m).
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Free particle
Time evolution of wave packet: group velocity

@ Let us determine velocity of movement of maxima of the
wavepacket (so called group velocity).

g(k,t) = lg(k)[ exp(a(k,t))
where a(k,t) = a(k) — w(k)t
@ As shown above, position of wavepacket maxima is (derived
from [k — a(k) — w(k)t]k—k, = 0)

— [da((lz, t)]k:ko _ [ic]:] » [dzgﬂ)]k:ko

Hence group velocity is

Va(ko) = [dag&fk)} -

@ Hence, as w = hk?/(2m), group velocity becomes
Vi (ko) = hko/m = 2v,. It corresponds to classical particle
movement v = p/m
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© Schédinger equation
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Schédinger ¢

Time-independent potential V (7): stationary states |

o . 2 S
Ilhaw(rat) _7mv ¢(7’at) + V(f‘)w(r7t)
Let us separate time and space solutions, ¥(7,t) = ¥ (7)x(t)

2
() (0 = X(0) |5 Tl |+ x(OV ()

Which leads to
th d 1 [

NOr et

2
5 V0| 4 V@

As equation must be valid for any time ¢ and any position 7, both
sides must be equal to a constant F = hw
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Schédinger ¢

—
~

Time-independent potential V' (7): stationary states

Solution of the left side:
d
h—x (t) = x(t)hw
i x(®) = x(t)
providing solution

x(t) = Aexp[—iwt]

Hence, the resulting wavefunction writes:

(7, t) = (7) exp[—iwt]
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Schédinger ¢

Time-independent potential V' (7): stationary states I

Solution of the right side:

2
2P0 + V()| o) = ko o) = Bo(r)

@ This is time-independent form of Schrodinger equation,
providing time-independent probability density
()P = (P

o Corresponding particle energy (eigenfrequency) is constant
being F = hw.

e Hy, () = E,pn(7) can be understood as search of
eigenstates (,, () of operator H with eigenvalues E,. They
are also called stationary states.
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Schédinger ¢

Time-independent potential V (7): stationary states IV

Superposition of stationary states:

@ As Schrodinger equation is linear, any linear superposition of
solutions is also solution, namely

B 1) = 3 capn(F) expl—iEnt/H

n

where ¢,, are some constants, given usually by starting or
boundary conditions.

depends on time.

@ In general, superposition [(7,t)|?
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Schédinger ¢

Time-independent potential V (7): step-like potentials |

o step-like potential, v
0 <0
V(z) = { Vo >0 ———V=y,
B, =0
@ Schrodinger equation: A {\N\/B
£ om  AAAAA
@ﬂp(x) + F(E =V) teo

E > V: let us define k being E —V = h;’ff.
Then, solution has form
p(x) = Aexplikz] + A’ exp[—ikz]
E > V: let us define p being V — E = 2%
Then, solution has form
o(x) = Bexp[px] + B’ exp|—px]
where A, A’, B, B’ are unknown
complex constants
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Schédinger ¢

—
~

Time-independent potential V' (7): step-like potentials Il

o In case E > V), the energy is above both potentials. The
solution is then partial reflection.

@ Solutions in areas | (V' =0) and in areas Il (V = 1)

o1(z) = Ay explikix] + A} exp|—iki1z]
o11(z) = Az explikoz] + A exp|[—ikax]

where k1 = /2mE/h? and ks = \/2m(E — Vp)/h2

o let as assume, the wave goes from left, i.e. A5 =0

KT

I

|
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Schédinger ¢

Time-independent potential V (7): step-like potentials Il

e ¢(x) and %go(z) are continuous of potential discontinuity.
(i) ©1(0) = r1(0), leading to Ay + Afl = Ay

(i) d/de [p1(0)],— = d/d [pr7(0)],_q, leading to
k1A — k1 AL = ko Ag

@ this provides

Al k= ke

A1 K+ ke

A I
2:1+é: 2k1
Ay Al ki + ke

o Reflection coefficients R = |A |2 = (k1 — k2)?/ (k1 + k2)?
o Transmission coefficients T = 1 — R = 4k1ko/ (k1 + k2)?

i
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Schédinger ¢

—
~

Time-independent potential V (7): step-like potentials IV

@ In case £ > Vj. The solution is total reflection.
@ Solutions in areas | (V' =0) and in areas Il (V = Vp)

o1(x) = Ay explikiz] + A} exp[—iki7]
¢r11(z) = Ba exp|paz] + By exp[—paz]

where k1 = \/2mE/h2 and ps = \/2m(Vy — E) /h2

o let as assume, the wave goes from left, i.e. B, = 0. Then

Aill:klfipz &:14_&: 2k1

Ay k1+ip2 A Ay k1+ip2

° Reflecgipn coefficients
R= |3 = (ki —ip2)/ (k1 +ip2)]* =1

@ Transmission coefficients T'=1 — R = 0; just evanescent
wave in Il exists; p(z) = By exp[—pat]

4
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Schédinger ¢

Potential wall

@ wavefunction may tunnel
through barrier even for
E <V

@ In case E > V) interference
between width of the barrier
and particle wavelength.

o o
L=\ =]
Ll Ll

=)
NS
1

6 nrm - Maximum

Reflection
12 nm - Mazimum

Transmission

Transmission Probability
o
3]
P

o

20 40 60
Barrier Thickness (nm)
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Schédinger ¢
Potential well

Quantum Josephson
dot junction

Atom

E=0

@ many potential wells exist in nature (single atoms, chemical
bonding, etc.)

o for £ < Vp, Vp depth of the well, the stationary states with
sharp energy exists.

Jaroslav Hamrle & Rudolf Sykora Quantum mechanics Il



Outline

@ Formalism of quantum
mechanics

Jaroslav Hamrle & Rudolf Sykora Quantum mechanics Il



Dirac approach in quantum mechanics: ket-vector

ket-vector |1/(7)): belongs to vector space £ with certain
properties, such as integrability [ |[/(7))|*d7 = 1. Also, any linear
combination of those function belong to £.

Interpretation of ket-vector:

@ |¢(7)) can be understand as a function of 7 in whole space

@ |¢(7)) can be understand as a vector in a given (continuous or
discrete) base, e.g. in base of 7, p, u;(7)

As for ordinary vector, the base of vector is not explicitly given,

just [1).
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Dirac approach in quantum mechanics: bra-vector

Scalar multiplication: (o (7)|¢(7)) = [ ¢(F)*(F)dr
o (yp| is called bra-vector.
@ relation between ket-vector and bra-vector is antilinear:
(Aer] + (Aawa) [¥) = [[aer () + Aawpa (F)] ¢ (F)di =
AT [ o1 (M) (F)di + A3 [ oo ()" (7)di =
AT (1) + A3 (@2[)
@ Hence, corresponding vector to ket-vektor A |¢) is bra-vektor
A" (] = (M
@ bra-vector (p| can be understand as a linear functional, i.e.
operator attributing a number to the function.
@ Other properties of scalar multiplication
o (plv) = (Y]p)"
(@lAh1 + Aatha) = A1 ([h1) + A2 (p[t)2)
(Arp1 + Aaa|th) = AT (1) + A3 (p2[th)
(1)) > 0 (and real)
(1)) = 0 only when [1)) = 0
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Dirac approach in quantum mechanics: linear operators

Linear operators: mathematical entity assigning to each function
[4(7)) € € another function [¢/(7)), |¢/(7)) = A[3(7)

o linearity: A [\ + Aothn) = M A |A¢A1> + )\QAAWQ)

e multiplication of two operators: (AB) |¢)) = A(B|v)).

o However, in general, AB #* BA! Then, we define
commutator (komutator): [A, B] = AB — BA

@ as matrix element we call scalar multiplication (p|A|y)

o linear operator C' = [¢)) (¢|. Prove that C'is a linear operator:
Cx) = [¥) (2|x), i.e. application C to ket |x) makes another
ket.

@ operator of projection to [)): ]5,/, = |¢) (¢|. Applying to ket
1X), we get Py |x) = 1) (1b]x), i.e. ket proportional to ket
).

e similarly, one can define projection to sub-space [1)),

P =3, i) (il



Dirac approach in quantum mechanics: Hermitian

conjugate |

Hermitian conjugate (Hermitovské sdruzeni):
Up to now, operators were acting on ket-vectors. But how do they
act on bra-vectors?

o (plAlY) = (el(Al)) = (el A)), i.e. we can define new

A

bra-vector (p| A
o let us define Hermitian conjugate operator A':

W) = AlY) =|Ap)  «— (] = (Y| AT = (Ay|

o let us prove that (¢|Af|p) = (p|AJp)*.

Proof: (¢/|p) = (plt/)", and then [1)" = A [¢)
o (AN = A. Proof: ([(A1)|p) = (ol AT[9)" = (v]Aly)
o (AT = \*AT: Proof:

(WA o) = (pIAA)" = X* (p Al)" = X* (1| AT|g)



Dirac approach in quantum mechanics: Hermitian

conjugate I

@ operation of Hermitian conjugate is also changing order of
used objects:

[u) (w))T = Jv) (ul

(
Proof: (v|([u) (v])le) = [{el(lu) (wDIW)]* = (plu)” (v]y)" =
(¥lv) (ulp) = @) (ul)le)

@ In general, to replace expression by hermitian conjugate one,
one has to:

e constants become complex conjugate

ket-vectors becomes bra-vectors

bra-vector becomes ket-vectors

operators become complex conjugate

change order of elements (but for constants, it does not
matter)
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Dirac approach in quantum mechanics: Hermitian

operators |

Hermitian operators: operator is called Hermitian, when
A=AT
Then, (1 Alg) = (ol Al)", i.e. (Ag|) = (9 Av). Notes:

@ Hermitian operators are important in quantum mechanics

@ Hermitian operators are also called observables
(pozorovatelné)

@ note: when A and B are Hermitian, then AB is Hermitian
only when [A, B] = 0. Proof: A= Af, B = BY; for
(AB)! = BTAT = BA, which is equal to AB only when
[A,B]=AB—-BA=0

@ eigenvalues of Hermitian operators are real: Proof:
Atpy = Apy; for Hermitian A: XA = A (¢ |vn) = (¥a]AlYy) =
(WAl AT[A) = (alAJpa)™ = A (Paln) = X



Dirac approach in quantum mechanics: Hermitian

operators |l

Eigenstates of an Hermitian operator corresponding to different
eigenvalues are automatically orthogonal.
Proof:

Alg) = Alp) Alp) = p]9)
(WA= Ay (9] A= p (ol

i.e. |@), [1) are eigenstates with eigenvalues p, A, respectively.

(2lANY) = p{dl¥)

(0(Al)) = A{ol¥)
Hence, difference provides (A — i) (¢|1)) = 0. Hence, when
(A — 1) # 0 then (¢|y)) = 0 and hence |¢) and |1)) are orthogonal
each other.
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Important sentences |

e when [A, B] = 0, than eigenvectors of operator A are also
eigenvectors of operator B.

Proof: A |¢) = alvy). Then
BA[¢p) = Baly) = A(B¢)) = a(B|¢))
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Important sentences Il

@ when [¢1) and |¢9) are two eigenvectors of A with different
eigenvalues, then matrix elements (11| A|y2) = 0 as |¢1) and
|t)2) are orthogonal each other, (11]12) = 0. It means, in
bases of its eigenvectors, the operator A is diagonal. When
[A, B] = 0, then also (¢1|B]|2) = 0.

Proof 1: as follow from sentence above, when [A, B] =0,
then B |vs) is eigenvector of A with eigenvalue as;

A |19) = a9 |1h2). However, as eigenvalues a; # ag, hence
|11) is perpendicular to |12) and hence (¢1|Bli2) = 0.
Proof 2: [A, B] = 0; hence (¢1|[AB — BA]|12) = 0. As
follow for Hermitian operators, we can write

(01|AB|2) = a1 (Y1]Bliz)
(1| BAY2) = a2 (Y1]Bliz)
Hence, (a1 — a2) (¢1|Bly2) = 0. As a1 — az # 0 then

(Y1|Blape) = 0.



Dirac approach in quantum mechanics: representation

@ To choose representation means to choose orthonormal bases
(discrete |u;) or continuous |wg)).

@ When [1)) is expressed in a given representation, than its
meaning is a vector.

W)=Y alu) ) = [ dacta)lw.)

@ Selection of representation is arbitrary but well chosen
representation simplifies calculations.
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Dirac approach in quantum mechanics: bases

@ Orthonormal relation: set of ket-vectors is orthonormal when
(uiluj) = 6ij or (Walwar) = (o — )

o Closing relation (relace uzav¥eni): |u;) or |w,) makes base
when any ket-vector |¢)) belonging to &, i.e.

W)=Y alu) ) = [ dac(a)lw.)
@ Then, the components of vectors are:
cj = (ujlY)  cla) = (walth)

@ discrete:

) =3 eilu) = 3 (il fug) = (Z ) <uz-|> )

% % %

continuous: 1) = [ (ualu) ) = ( [ daluwa) <war> %)



Matrix representation of ket- and bra-vector

o Ket-vector representation

(ul)
(uz|v)

Ll EYOR

@ Bra-vector representation

(ol = [(plur) , (plug) . .. (plui) . ..]

o Operator representation is a matrix A = A;;, with
components A;; = (u;|Alu;)

Jaroslav Hamrle & Rudolf Sykora Quantum mechanics Il



Properties of representations: change of representation

Change of representation: from old representation |u;) to new
[tr).
@ Then transformation matrix is Sir = (w;|tx).
o S is unitary (STS = SST = 1), I being identity matrix
(jednotkova matice) Proof:
(SN = XSS = X (tlua) (wilts) = (taltr) = 0w
Transformation of elements of the vector/matrix:
@ vector transformation:
(Wlte) = (WIte) = 22; (Dlua) (wilte) = 3=, ¥luiSik
@ matrix transformation: Ay = (tx|Alt;) =
31 (tului) (sl Alug) (uglt) = 32, 54850
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Properties of representations: eigenstates

Eigenstates |1,,) and related eigenvalues A, of an operator A are

@ ;, A; can be multiplied by any complex constant.

@ solution of eigenvectors related with one eigenvalue can be
subspace.

@ when ket-vectors and operator written as matrix, than
eigenvalue equation becomes also matrix one:
Zj(Aij —)\527')0]' =0, where Cj = <UJ|’l,ZJ> and Aij = (uz|A|uj>
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Example of representations: |r), |p) |

a) bases of representations |7), |p) are
& () = 0(7 = 75)

_ i,
v (F) = (2mh) =3/ expl-pi - 7]

b) relation of orthonormalization
Let us calculate scalar multiplication

il = [ @7 €576 () = 8% — )

o) = [ 7 v (P (7) = 8053~ #)
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Example of representations: |7), |p) Il

c) elements of ket-vectors Ket-vectors can be written as:
v = [ 1) le)
v = [ 5 1) (1)
And their components are:
i) = [ @7 g0 = [ S - ) = i)
ko) = [ 70 = [ @nn) R el 5 - o)
— FUT.((7) = B5)

l.e. components |t)) written in two different representations, |7),
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Example of representations: |r), |p) Il

d) scalar multiplication: example for |¢)) = |pp)
il = [ @7 00— ) (2nm) 2 expl i - 7
= (2rh)~3/? exp[%p}} - 179]

e) transition from representation |7) to [p):

vl) = (10) = [ &7 ) @)

= (2n) [ &7 expl 5 0D
Similarly for matrix elements of operator A written in |p) bases:
1A = e [ @ [ a7 exply (57 AT
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Wave function as a sum

Note: following cases are used when wavefunction is expressed as
sum of other wavefunctions

@ evolution of quantum system (such as quantum packet) as a
sum of eigenmodes

(7 1) =) eini(7) exp—iwt]

(2

Here, v;(7) are different stationary solutions (eigenmodes)
with a general different energy

@ expressing unknown (stationary) solution of Schrodinger
equation H1; = Ej1;, where | search form of ¢ as a sum of
chosen base-functions 1;; ¥;(7) = >, ¢jihi(T)
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Postulates of quantum system I:

Postulate 1: Description of quantum state:
In a give time tg, the physical state is described by ket-vector

19 (to))-

Postulate 2: Description of physical variables:
Each measurable physical variable A is described by operator A.
This operator is observable (i.e. Hermitian).

@ Notice a fundamental difference between quantum and
classical system: quantum state of system is described by
vector 1), and physical variable by an operator A.
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Postulates of quantum system II:

Postulate 3: Measurements of physical variables:
Measurement of physical variable A can give only results being
eigenvalues of a given observable (Hermitian) operator A

e measurement of A provides always a real value a, as A (by
definition) is Hermitian.

@ if spectrum of A is discrete, then results of measurement of A
is quantized, a,.

@ when A is observable, then any wavefunction can be written
as sum of eigenstates |u,) of operator A; A |u,) = ay, |uy,)

) = Z [un) (unlt)) = Z Cn |n)

n

Strictly speaking, this defines which Hermitian operators are
also observable operators.
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Postulates of quantum system IlI:

Postulate 4: Probability of measurements:

When physical variable A is measured by (normalized)
wavefunction 1), the probability to obtain non-degenerated
eigenvalue a,, of corresponding observable operator A

Pan) = |enl* = [ {unle) |*
where w,, is (normalized) eigenvector of of observable operator A
corresponding to eigenstate a,; A|un) = an |uy)
@ in case a, is degenerate (i.e. several wavefunctions |u’,) have
equal eigenvalue a,,; A|ul) = a, |uf)), then

In

) =D chlup)
n =1

where g,, is degeneration of the eigenvalue a,,. In this case,

probability to measure variable A with value a,, is

P(ap) = 3200 e [P = 320 [{up ) |2
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Postulates of quantum system |V:

Postulate 5: Quantum state after the measurement:
When measuring physical variable A on system in state [¢)). When
the measured value is a,, then the quantum state just after
measurement is

oy — P )

VIR VT 6P

where P, is projection to sub-space of wavefunctions, having
eigenstates a,, i.e. P, = Y 9" |ul) (uf].
Discussion: We want to measure variable A. When quantum
state just before measurement is [¢), then the measurement
randomly provides one of the eigenvalues a,,, with probability given
by postulate 4. When a,, is undegenerate, than state just after
measurement is |u,). When a,, is degenerate, then the state after
the measurements is projection of [¢)) to subspace of eigenfunction
having eigenstate a,; A |ul) = a, |u’).
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Postulates of quantum system V:

Postulate 6: Time evolution of quantum state:
The time evolution of wavefunction is given by Schrodinger
equation

m% (t)) = H(2) |(t)

where H (t) is an observable operator related with total energy (so
called Hamiltonian operator).

Jaroslav Hamrle & Rudolf Sykora Quantum mechanics Il



Interpretation of postulates |: mean value of observable A

When measuring many times variable .4 with incoming state [1),
then mean value of A is (Y[A[y) = (A4),.

Proof: (for discrete spectrum) Let us make N measurements.
Then value a,, is measured N(a,) = NP(ay) times.

Mean value of measured value is

N(an) =
<A>1/; = Zan = Zanp(an) = Zan Z (lun) (unlth)
n n =1

n

As Aful) = ay |ut), then

w—ZZ (| Alun) (unlth) = (4]

n =1
= (Y] Aly)

as term in square parentheses is unity, as |u’) is complete
orthonormal set of bases — closing relations (relace uzavreni)
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Interpretation of postulates Il: time evolution of mean value

Time evolution of mean value is

(4) (1) = (¥ ()[Alp(1))
Time derivative (A) () is:

d
3 P @OlA(E)

= |5 WOl 14w0) + ol [drwt»} 015 (0
= o WOLAH — HAWG(®) + (0(0)| 5y 10(6)

0A
= (4, H]) + (=)
l.e. when A commute with Hamiltonian, and both are implicitly
independent on time, than mean value of A is not changing with
time — so called constants of movement (konstanty pohybu).
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Ehrenfest theorem

Let us assume spin-less particle, H = % + V(R), where R, P are
operators of momentum and position, respectively. Then,

d 1 1 p? 1

o (R) == (R, H]) = 71 (R, 5 = —(P)

d 1

3 (P = o (P.H) = L (P VR)) = - (VV(R))

Which are analogue of classical particle description.
Where commutators writes:

nE|-2
[P.V(R)] = —ihVV(R)

To derive, use entity [A, BC| = [A, B]C + B[A, (]
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Properties of commutator [A, B]

Commutator [A, B] = AB — BA
e [A,B]=—[B,A]
o [AB+C|=[AB|+[AC]
e [A,BC|=[A,B]C + BJA, (]
o [A,B]t = [Bf, Al]
o [A [B,C]|+[B,[C,A]]+[C,[A,B]] =0

Key commutator relation:

(X, Pj] = ihdy;
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Non-relativistic description of angular momentum Schrédinger e

Outline

Non-relativistic description
of angular momentum
Schrodinger equation
Addition of angular
momentum

Zeeman effect: angular
moment in magnetic field
@ Magnetism and relativity:
classical picture

Dirac equation

@ Angular momentum
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Non-relativistic description of angular momentum Schrédinger e

Quantum description of electron and its spin

Spin of particles (spin of electron):
o Consequence of relativity, but can be postulated as particle
property.
@ Electron (and also proton, neutron) has quantized spin s = %

In following, we first postulate existence of spin. Then, we show
how spin originates from relativistic quantum theory.
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Non-relativistic description of angular momentum Schrodinger e

Angular momentum |

Total angular momentum = orbital angular momentum + spin
angular momentum

Non-relativistic Schrodinger equation does not have spin (only
angular momentum) = spin can be included ad-hoc.
Definition of angular momentum

f,:f'xf):?f'xv (1)
Commutation relations of angular momentum operator:
(Lo, Ly = ihL, Ly, L.] = ihL, (2)
(L., L] = ihL, L2, L] =0 (3)
where L? = L2 + LZ + L? and
Lo §) = —[Ly, @] = ihi  [La,py) = —[Ly.pa] = ihp.  (4)
[La, 2] = [La,pa] = 0 (5)
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Non-relativistic description of angular momentum Schrodinger e

Example of determining commutators between angular

momenta

Eg.

[Lza Ly] = [(YPZ_ZPy)v (ZPCE_XPZ)] = Y[PZ7 Z]Pz‘{‘XPY[Zy PZ]
= ih(—YPm + XPy) = ihL,
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Non-relativistic description of angular momentum Schrodinger e

Angular and spin momentum ||

@ Spin in non-relativistic description: intrinsic property of the
electron
= can not be defined similar to Eq. (1)

= spin is defined as quantity obeying the same commutation
equations as L.

@ Total angular momentum
J=1L+S (6)

where J obeys equal commutation relation.
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Non-relativistic description of angular momentum Schrodinger e

Angular momentum Ill: eigenvalues

Total angular momentum eigenvalues: s

3215, my) = §(j + DR |j,my)  (7)
|21, m) = myh|j,my) (8)

ILI=#1i1+1) %

¥ | = orbital quantum
mumber

where —j <m; < j.

http://hyperphysics.phy-astr.gsu.edu/

hbase/quantum/vecmod.html
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Non-relativistic description of angular momentum Schrodinger e

Angular momentum [V: length of momentum

@ Maximum value of J in z-direction ) [=2
is [mj| = j 2 IL=A205D #
@ However, length of Jis 1/j(j + 1) m],=2ﬁi ...... ‘.n\
= angular momentum can never : s
points exactly in z (or in any ) oo fonenee \

other) direction

o classical limit: 7 — oo

.2 TR >

http://hyperphysics.phy-astr.gsu.edu/

hbase/quantum/vecmod.html
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Non-relativistic description of angular momentum Schrodinger e

Angular momentum V: raising/lowering operators

Lowering/raising operators:

<
&
H._

=

o JuJ =J2+J24h),=J*—J:+h,
o JJ=J+J—hJ,=J*—J}—hJ,
[JZ7J+] +h‘]+

[JZ,J | = —hJ_
o [Jy,J_]=2hJ,
o [J2, ] =1[J%J]=[J%J]=0
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Non-relativistic description of angular momentum Schrodinger e

Angular momentum V: raising/lowering operators

@ value of mj can be |ncreased/decreased by raising/lowering
operator Jy = J, + sz, working as

i lgimg) = B/ G = m) G+ mj + 1) Ljymg + 1)

F1dmg) = B/ G+ mg) (G —my + 1) [f.mg — 1)
@ Can be derived by two steps:

o Apply J. to eigenstate |, m;) (by using commutator

relations):
\Todeljymy) = |Jede + [z, Jellj,my) = | e Je + BJs|j,my) =

(mjil)h|j:|:|]amj> = (m]il)h’bam] + 1> - |jZ|jamj + 1>

° ||'J+|j,mj> ? = (gymg|J-Jy|j,my) =
(g, my|J? = J2 = hJ.|j,my) = B[j(j + 1) —m;(m; +1)]
:|J+|J7mj>:h\/-7(]+l m](mj )|j7mj>:
ha/ (5 —my) (G +mj +1) |5, my)
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Non-relativistic description of angular momentum Schrodinger e

Angular momentum VI: particles with moment s = 1/2

The same valid for spin j — s = % —s<ms<s=ms=1/2:
spin-up spin (1); ms = —1/2: spin-down spin (])

2
Ten | me2
Tt oy mer
L) el — en | ST ma
_— — —
- o T o s = meo
] N
B —mE-1/2 T aEhl N\ mee1
Zien 1 -

e

< — ma-2

1=1/2 =1 =2

http://chemwiki.ucdavis.edu/Physical_Chemistry/Spectroscopy/
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Non-relativistic description of angular momentum Schrodinger e

Non-relativistic Schrodinger equation
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Non-relativistic description of angular momentum Schrodinger e

Schrodinger equation with spin

Spin can be superimposed into Schodinger equation by product of
time-space dependent part ¢, (7, t) and spin-dependent part x7's
P = e (T )X (11)

However, this is only valid when spin-freedom is strictly
independent on its time-space part. This is not valid for e.g.
spin-orbit coupling. Then, one can express spin-time-space

wavefunction as
cwm(f:t)> <0¢> .
’ ~ (7, T
<C¢¢r,¢(r,t) cy vrlP1)

Y(7,t) = crry (7 t)+e by, (7))

1

where following eigenvectors were used for definition

() )
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Non-relativistic description of angular momentum Schrodinger e

Pauli matrices |

Now, we have spin-dependent part of the wavefunction x4,,. The
spin operators S (equivalent of angular momentum operators ﬂ)
are " " "

Sx - §&$ Sy - §&y Sz = 5&3 (14)

where ¢,/, /. are Pauli matrices

(1) as(0F) (0
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Non-relativistic description of angular momentum Schrodinger e

Pauli matrices: example

e Value of S, for ¢ = [1) = (é)

o) (o) ()= o

A h

e Value of S, for ¢ = % (1

—_ N—

wisdo =5 (1) (1 o) () =0 6®)
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Non-relativistic description of angular momentum Schrodinger e

Pauli matrices |l

Properties of Pauli matrices
° 0, =1, where k= {x,y,z}
® 0,0y + 0y0,; = 0 etc. for others subscripts
® 0,0y — 0y0,; = —2i0, etc. for others subscripts

.. N A~ A 1
@ raising operator: S =S, +15, = <8 0>

o lowering operator: S =5, — iS’y =h <? 8)
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Non-relativistic description of angular momentum Schrodinger e

Pauli matrices Ill: eigenvalues and eigenvectors

Properties of Pauli matrices

@ eigenvector and eigenvalues of .S,:

- 1 0) /1
; 1 0 (0

e in ano'Eher words
(Xt/ulSzlxe/0) = B lxppglmelxyy) = hme = £h/2
@ eigenvector and eigenvalue of S2:
. e & 10
o 8%y = (S48 + ey = §H° (0 1) Xt/1 =
3h2x1/, = s(s+ 1)h*x4,,, where s =1/2.

e in ano'Eher words: )
O/ 182 e /0) = B2 (e ls(s + Dlxayy) = R2s(s +1) = 22
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Non-relativistic description of angular momentum Schrodinger e

Pauli matrices IV: derivation of S;p, Sy

@ using this equation, the S, can be constructed

1/2,1/2> 1/2,-1/2>

<1/2,1/2 0 1/2
= <Ix>

<1/2,-12| 172 0

and hence Pauli matrix &, derived.
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Non-relativistic description of angular momentum Schrédinger e

Addition of angular momentum |

Let us assume two angular momenta L and S (but can be also Ji
and J3). Then, we ask about eigenvector and eigenvalues of
summation

[0 o))

J=1L+ (19)

Commutation relations:

32,17 = 32,87 =0 (20)

[J.. L] = [].,8%] =0 (21)

1S.,J.] =L, J.] =0 (22)
J2=12+8%4+2L-S= (23)
=12 +8%+20.8. + L, S +L_S, (24)
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Non-relativistic description of angular momentum Schrédinger e

Addition of angular momentum ||

@ Proper vector (from bases of proper vector of L and §)
[1,1) @ |s,s2) = |l,8,12,82) (25)

being eigenstates for operators L2, §2, L. S. (with
eigenvalues ...[(1 + 1)h? etc.); @ being tonsorial multiplication.

@ However, commutation relations also show, that operators J2,
jz, f42, S2 commute with operators I:Z, §2, ﬁz, S’Z = there
must be possibility to write previous eigenvectors in a new
base of eigenvectors, being eigenstates of 32, jz ]:2, S2
operators, being |.J, M).
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Non-relativistic description of angular momentum Schrédinger e

Addition of angular momentum IlI: Clebsch-Gordon

coefficients

@ So we have two bases of eigenvectors, describing the same
wavefunctions = linear relation between them must exist

|J, M) = Z Z 15,1, 8.) (1,8, L, 5|, M) (26)

Sy=—8[,=—1

where (I, s,1,,s,|J, M) are called Clebsch-Gordon coefficients.
(Note: |J, M) should be named |J, M,1,s)).

o Clebsch-Gordon coefficients (I, s,1,s,|J, M) are non-zero
when

=1l,+s, (27)
l—s|<J<l+s (28)
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Non-relativistic description of angular momentum Schrédinger e

Clebsch-Gordon coefficients: example |

l=1/2, s=1/2: two spins

o M=1J=1
J=1
PO |
e M =0,J=1{1,0}
J=1| J=0
0 | V12| V12
L V2 =12
oM=-1,J=1
J=1
b 1
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Non-relativistic description of angular momentum Schrédinger e

Clebsch-Gordon coefficients: example [l

[l =1, s =1/2: spin + orbital angular momentum [ = 1
e M =3/2, J=3/2

J=3/2
|lz = 1aT> 1
o M=1/2,J= {3/2 1/2}
J=3/2]J=1/2
. =1,1) 1/3 2/3
. =0,1) 2/3 | —\/1/3

o M =-3/2,J=3/2
J=3/2
. =—1,1) 1

Other symmetric coefficients writes:

(j12; mamalj1jo; jm) = (=1)7 771792 (j; jo; —ma, —ma|jij; 5, —m)
(jrjas mamaljija; jm) = (=1)7 71772 (ggis; mama |1 jz; jm)
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Non-relativistic description of angular momentum Schrédinger e

Clebsch-Gordon coefficients: example Il
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Non-relativistic description of angular momentum Schrédinger e

Zeeman effect

Splitting of energy levels by (external) magnetic field, due to
Hamiltonian term Hzeeman = —fiB - B
O splitting due to magnetic moment related with orbital angular
momentum; odd number of lines, I(l + 1)

- UB 7
L_— L 29
Hnr = h 9L —— 3 ( )

eh

where yip = 5 - is Bohr magneton

@ splitting due to presence of spin of the electron
(non-quantized electromagnetic field), atomic number Z is
odd, even number of lines, 1,

o UB g HUB 5
=-2—=8=—g.—/—S5 30
us A Je A ( )

(with quantized electromagnetic field, 2 — 2.0023 = g, for
electron, so-called g-factor)
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Non-relativistic description of angular momentum Schrédinger e

Zeeman effect in weak magnetic field |

Magnetic moment of total angular momentum is

iy =—g,28 = BJ— Mif (9r.L + gs5) (31)
Hamiltonian’s form assumes:

@ J commutes with remaining Hamiltonian terms (follows from
central symmetry of atomic potential in case of atoms)

©Q Hzeeman is small and hence perturbation theory can be used
(i.e. solution found in eigenstates of unperturbated
Hamiltonian)

Then:

—

HZeeman - _ﬁJ -B = ngLarmorJz - wLarmor(Lz + QSz) (32)

where Wi armor = _#T?B is the Larmor frequency
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Non-relativistic description of angular momentum Schrédinger e

Zeeman effect in weak magnetic field Il

Eigen-energy is found to be

Ezceman = gJMhWLarmor (33)
M being magnetic number and g-factor being

3, S5+ 1) - LL+ 1)
9= 3 2J(J + 1)

splitting into 2J + 1 levels.
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Non-relativistic description of angular momentum Schrédinger e

Zeeman effect: weak magnetic field

E7ceman = gJMhWLarmor = a2
Splitting according total p SR

H 3/2 - 1/2
magnetic number M; o
—J<M<J

+H/2
P1.«2 t =172

+/2
!

1/2 -172
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Non-relativistic description of angular momentum Schrédinger e

Zeeman effect: strong magnetic field

o Zeeman Splitting vs. Magnetic Field for Rb-87

1 T T

B Low field

[ quantum
numbers

ol (Fom) -
T oo eg@ &0
= 4
£ " High field
Ty quantum 4
‘g_ numbers
g oar (mem)
w

0. '35 D‘d 0. Llﬁ 0‘5 0. I55
Magnetic Field (Tesla)

In this example of Rubidium (37Rb):
without field: splitting by total angular momentum F', where
F= j+ f I is nucleus momentum
weak field: splitting of F-levels by their magnetic numbers mp
large field: splitting by magnetic numbers mpg, m;
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Non-relativistic description of angular momentum Schrédinger e

Special relativity |

Postulates of special relativity:

© No preferential coordinate system exists; there is no absolute
speed of translation motion.

@ Speed of light is constant in vacuum, for any observer or any
source motion.

Let's assume to have two coordinate systems (z,y, z, ict) and
('Y, 2 ict”)
@ moving by mutual speed v along x and 2’ axis
@ intimet =t =0, both system intersects, x = 2/, y = ¢/,
z2=2

@ intimet =1t =0, light pulse is generated
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Non-relativistic description of angular momentum Schrédinger e

Special relativity Il: Lorentz transformation

e y =1/, z =2 as movement only along z, 2’/

o forz' =0, z =t

o forx =0, 2’ = —ovt

@ both systems see light pulse as a ball propagating by speed of
light having diameter ct, ct’ =
24222 = py? 4?2
:1:2 _ 02t2 — :L"2 _ CQt/2_

Solutions of those equations:

x — vt x' + ot

U U

- 07 - 07

t—ax% t+2'%
¢=_—_"¢ = (36)

v2 v2
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Non-relativistic description of angular momentum Schrédinger e

Special relativity Ill: Lorentz transformation as matrix

This can be written in form of 4-vector (for space-time coordinate)
and Lorenz transformation is 4 x 4 matrix:

1 3
0 0 c
x 1-2 1-2 x
/
yo| 0 10 0 Y
2 0 1 0 z (37)
ict! g 0 0 1 ict
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Non-relativistic description of angular momentum Schrédinger e

Special relativity I1V: 4-vectors and invariants |

Let us define a general 4-vector A, = [A1, Aa, A3, A4], which
transform under equal Lorentz transformation, AL = a;,Ay. Then,
it can be shown that scalar multiplication of two four-vectors,
A, B, is invariant, i.e. the same in all cartesian systems related by
Lorentz transformations.

— 4-vector of space-time: z, = [z, 2, ict].

Space-time invariant: z,z, = s? = 22 + y? + 2% — *t?

proper time d7 (or proper time interval)

/ V2 / V2

where V', V' is speed of the particle in both coordinate systems.
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Non-relativistic description of angular momentum Schrédinger e

Special relativity IV: 4-vectors and invariants Il

— 4-vector of speed:

dz,,
U dr
Speed invariant: U,U, = —c?

Jaroslav Hamrle & Rudolf Sykora

Uz

1 Uy
= o, (39)
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Non-relativistic description of angular momentum Schrédinger e

Special relativity V: 4-vectors of linear momentum

— 4-vector of linear momentum:
P, =myU, (40)

Then, linear momentum has form

p,=|Vi—= (41)

2 . .
where W = 205 — moc? + %m0v2 + .-+ is a total particle
v

-7
(&
energy.
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Non-relativistic description of angular momentum Schrédinger e

Special relativity V: 4-vectors of linear momentum

@ Linear momentum and energy of the particle are not
independent, but as two pictures of the same quantity, as they
are expressed by a components of single 4-vector

o Linear momentum invariant: P, P, = —mdc? = p* — W?/c?

@ Another expression of the total energy W:
W? = e + (moc?)? (42)

being base of Dirac equation derived later.
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Non-relativistic description of angular momentum Schrédinger e

Maxwell equations: 4-vector of current |

Conservation of charge: V - j+ % =

Rewritten into four-vector:

Iz
J,
JH = JZ = Po U,u (43)

icp
where pg is charge density in rest system and then

0-J,=0 (44)
where [ is generalized Nabla operator,

d d 4 a 1%

_|jddad d 4
dz’ dy’ dz’ d(ict) (45)
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Non-relativistic description of angular momentum Schrédinger e

Maxwell equations: 4-vector of current Il

Then transformation of the current 4-vector leads to (speed v

along z-axis)

T = J, (46)
J =, (47)

o for example, charge is increasing with increasing v

o for small speeds (v < ¢), J., = J, — vp

Jaroslav Hamrle & Rudolf Sykora

Quantum mechanics Il



Non-relativistic description of angular momentum Schrédinger e

Maxwell equations: 4-vector of potential |

Maxwell equations expressed by potentials Aand ©

2
_ — 4
V<A 2 wJ (48)
1 0%°® )
2 -z __F
AVAL 297 ; (49)
- 109
V-A+C—2§_o (50)

WhereB’:VxA’and1577':—V<I>—%—‘£T
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Non-relativistic description of angular momentum Schrédinger e

Maxwell equations: 4-vector of potential Il

The potential-written Maxwell equations as 4-vector simply writes
D° Ay =~ (51)

where 4-vectors A, J, are

AZ‘ Jw
A J,

A, = AZ J, = ,]:/ (52)
% icp
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Non-relativistic description of angular momentum Schrédinger e

Maxwell equations and special relativity |

Relation between 4-vector potential A, and E, B field expressed
by antisymmetric tensor f,,

0 B, -B,

c

q_0A, _0A,_|=B. 0 B — (53)
" 0xy, Oy B, -B, 0 =

iBy By By 0

C Cc C

Then, using electromagnetic tensor f,,,, Maxwell equations are

8f>\p + afpu + afzz)\

_ B—_0B B
oot B T e =0 (7 oB/ot, v 0)

(54)
SO gy (%% B oo VB g0
(55)
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Non-relativistic description of angular momentum Schrédinger e

Maxwell equations and special relativity Il

The Lorentz transformation for electromagnetic field are

Ejj = E| B =B (56)
L (ExixBl o (B-5/@xE
Eﬁ_ — (E+U X )J_ B/L — ( U/C X )J_ (57)
v?2 v2
2 e

i.e. for small speeds, E' = E + 7 x B and B' = B
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Non-relativistic description of angular momentum Schrédinger e

Klein-Gordon equation |

Description of relativistic spin-zero particle.
Relativistic theory expresses total energy of the particle as:

W2 = p?c® + mict (58)

Quantum operator substitution: p— p = —ihV,
W — W =ihd/0t. It follows in Klein-Gordon equation

<v2 - 6182 - m%CZ) W7 ) =0 (59)

Derivation: H = W = /p?c? + m3c* and hence

ih%—f = (J—BQCZVQ + m204> . Then, we make form
(a+ Vb)Y = 0, followed to (a? — b)) = 0
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Non-relativistic description of angular momentum Schrédinger e

Klein-Gordon equation I

2
<v2 ~ 258" 712) (7 t) =0 (60)

This Eq. reduces to W? = p?c? + m%c4 for plane wave (free
particle) ¢ (7, t) = exp[i(7- p — Wt)/h].
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Non-relativistic description of angular momentum Schrédinger e

Klein-Gordon equation Il

Reduction of Klein-Gordon equation to Schrodinger equation:
Classically, W = E 4+ mgc?. Hence,
(7, £) = (7, £) exp[—iWt/h] = o(F, ¢) exp[—imoct/H]
Then, when substituted to Klein-Gordon, and ¢ — oo, we get
Schrodinger equation for free particle,

adjO(Fv t) h2

. _ e 7
ih ot 2mv Po(r?)
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Non-relativistic description of angular momentum Schrédinger e

Klein-Gordon equation Il

Note:
W = £+/p2c? + m3c* has two solutions. Those solutions are
interpreted as particle and antiparticle, separated by gap 2mgc?
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Non-relativistic description of angular momentum Schrédinger e

Dirac equation: introduction |

Lorentz transformation unites time and space = relativistic
quantum theory must do the same. Schrodinger equation does not
fulfils this, as it it has first derivative in time and second in space.

© Let as ASSUME, the Dirac equation will have first derivative
in time. Then, it must be also in first derivative in space.

@ We want linear equations, for the principle of superposition.
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Non-relativistic description of angular momentum Schrédinger e

Dirac equation: derivation |

As told above, let us assumed for Dirac equation:
@ linear in time and space derivatives

@ wave function is superposition of N base wavefunctions
Y t) = 3 n(7)t)

General expression of condition 1:

8Z 8n

d=z,y,zn=1
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Non-relativistic description of angular momentum Schrédinger e

Dirac equation: Il

When expressed in matrix form (¢ is column vector, afn is
3 x N x N matrix, f; is N x N matrix)

10y(rit) ime

S = G V() — == Bu( 1) (62)

Substituting quantum operators p — iV /i, we get Dirac equation

G

o= Hy(7t) = (c& - P+ Bmc?)p(F,t)  (63)

where matrices &, 3 are unknown.
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Non-relativistic description of angular momentum Schrédinger e

Dirac equation: properties |

Comparing total energy of the particle between relativity and Dirac
Hamiltonian

W = /p2c® + m2¢* = a - pe + Bmc? (64)

Calculating W2, we obtain conditions on a and 3

ol = a =p2=1 (65)
aﬁ +pfa=0 (66)
gy + 00y = a4+ 00y = 00, + apa, =0 (67)

No numbers can fulfils those conditions for o and 3; but «, 3 can
be matrices.
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Non-relativistic description of angular momentum Schrédinger e

Dirac equation: properties |l

ai+a§+a§:ﬁ2:1 (68)
aB+Ba=0  (69)

Oy + 0Oy = 00 + a0y = Q0 + apa, =0 (70)

e We need four matrices, with (i) square is identity and (ii)
which anti-commute each other.

@ Three 2 x 2 Pauli matrices anticommute each other, but they
are only three.

= one must use matrices 4 x 4.

— several sets of those 4 x 4 can be found.
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Non-relativistic description of angular momentum Schrédinger e

Dirac equation: Dirac matrices

One of the form of Dirac matrices o and 3 is

000 1 0 0 0 —i
oo 10l [0 & oo i o] [o g
“=10 1 0 0ol |5, O WTlo —i 0 0 G, 0
100 0 i 0 0 0
(71)
0 0 1 o0 [1 0 0 0O )
o0 0 0 -1 _foa) s jo 10 0 _[i0
=11 0 0 o0 5. 0 “loo -1 o] |o -1
0 -1 0 0 00 0 -1
(72)
Note: for any vectors A and B:
a-Aa-B=A-B+ia-(Ax B) (73)
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Non-relativistic description of angular momentum Schrédinger e

Dirac equation: non-relativistic limit |

Dirac equation in el.-mag. field (E = —V®(7) = —1ivv(m):

mawgz, b _ <cd : (?v — efT(F)) + Bmc? + V(F)> V(7 t)
74)
To take non-relativistic limit, we write
Lo e t)
v = |97 (75)

substituting & and 3 from Egs. (71-72)

|= (7o) o[zl

Jaroslav Hamrle & Rudolf Sykora Quantum mechanics Il



Non-relativistic description of angular momentum Schrédinger e

Dirac equation: non-relativistic limit I

Time dependence of (7, t):
B(F, 1) = () expl—iW/h] ~ o(7) expl—imc*t/h]  (77)

which is valid for both components of (7, t).
Substituting this time derivative of x(7,t) into lower Eq. (76) and
ignoring small terms, we get relation between ¢(7,t) and x(7,t)

N(Ft) = —— (ﬁv - e/f(f’)) (7 ) (78)

2me \ 1

Hence, for small speeds (p'= md, and v < ¢), x(7,t) is much
smaller than ¢(7,t) by factor about v/c.
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Non-relativistic description of angular momentum Schrédinger e

Dirac equation: non-relativistic limit |ll

Substituting x (7, t) from Eq. (78), into upper Eq. (76)

1
2m

ih%qﬁ(ﬁ t) = ((:‘v - e/f(f)> : 5)2 o(7, 1)+ (V () + me?) ¢(7,t)

(79)

I
N}
o]
+
R}

N
X
o

Using 7 - A - B

]

((ﬁV—eE(F’)) .a>2¢: <,v—el(m>2¢—eh5-(v x A+ AxV)p

And it leads to (see next slide)
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Non-relativistic description of angular momentum Schrédinger e

Dirac equation: non-relativistic limit IV

inL o 1) = (1 (f? (F)) _ n:LgG B+ V() +me ) o (7 ¢

(81)

@ Results is Pauli equation, introducing the spin!

@ magnetic moment (of electron) is predicted to be
1= eh/(2m)

@ although proton and neutron have also spin 1/2, it does not
predict their magnetic moment — problem is that they are
composite particles.
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Non-relativistic description of angular momentum Schrédinger e

Dirac equation: non-relativistic limit V

When Dirac equation is solved up to order 1/c?, we get

2
H L (hV - eff(?)) + V(7) + mc? (82)

h . Exp
- s (B L (Zeeman term in € rest frame)
mc?

5 ¢ 5 S.-(Ex%) Spin — orbit coupling
me
1 -
— m(ﬁ —eA)? Special relativity energy correction
m3c
h%e _, .
+ WV V(7) Darwin term

Darwin term: electron is not a point particle, but spread in volume
of size of Compton length ~ /i/mc.

Jaroslav Hamrle & Rudolf Sykora Quantum mechanics Il



Non-relativistic description of angular momentum Schrédinger e

Free particle and antiparticle

Solving Dirac equation for free particle
H = ca-p+ Bmc? (83)
Solution of free particle (U(p has four dimensions)
b = U(p) expli(p- 7= Wt)/h] (84)

Substituting in Dirac equation Eq.(83), and assuming motion in xy
plane (p. = 0), we get

mec2 — W 0 0

cp_ Uy

0 m02 4 Cp+ 0 U2 eip 7/h 0
0 cp_ —mec? - W 0 Us
cp+ 0 0 —mc® -W| |U,
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